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SUMMARY
The main object o f t h is  th e s is  i s  to  attempt to  derive an 
adequate d escr ip tio n  of the o r ig in  and nature o f thermal o s c i l la t io n s  
induced in  f lu id s  of low Prandtl number.
Chapter One review s the hydrodynamic s t a b i l i t y  of a f lu id  layer  
heated from below (r e su lts  which are equally app licab le  to  a f lu id  
heated from the s id e) and surveys the current s ta te  o f theory which
I
i s  pertinent and linked to  the Rayleigh-Benard convection. The next 
sec tio n  examines the current s ta te  o f cry sta l growth e sp e c ia lly  
problems focusing  a tten tio n  on the induced thermal o s c i l la t io n s .
Chapter Two commences with an in trod uction  to  the b asic  flow  
s ta te . I f  we are going to consider the sa lie n t  fea tu res  of thermal 
o s c i l la t io n s  in  an annular configu ration , a model should be developed  
and t h is  i s  the main area of concentration in  t h is  chapter. However, 
certa in  approximations are introduced to reduce the com plexity of the 
proposed model and s t i l l  obtain  meaningful r e s u lt s .
Turning now to Chapter Three we examine the s t a b i l i t y  
c h a r a c te r is t ic s  and transform ation of the b asic  eighth  order d if fe r e n t ia l  
equation describ in g  the fundamental flow  pattern  in to  non-dimensional 
form. The f in a l  sec tio n  of the chapter i s  concentrated on allow ing  
the converted b a sic  equation o f flow be truncated to  the sm all Prandtl 
number lim it .
The f in a l  Chapter concentrates on the experim ental apparatus: 
f iv e  d iffe re n t annular boats were employed w ith both mercury and 
gallium  as the working f lu id . The f in a l  s e c t io n  comprises the 
experimental r e s u lt s  and the comparison between theory and experiment.
The main conclusions are as fo llo w s
The stru ctu ra l s ta te  i s  a p re -req u is ite  for  the ex isten ce  of
large amplitude temperature o s c i l la t io n s ,  to  be in i t ia te d  and
su sta ined . Furthermore, t h is  lin k s  both high and low Prandtl number
f lu id s  that togeth er , for  s p e c if ic  Rayleigh numbers, exh ib it r o l l s ,
hexagons et sequ • The square r o l l s  are c er ta in ly  prominent for
liq u id s  whose c e l l  length  i s  greater than i t s  depth. There i s  a
c r i t ic a l  temperature which must be exceeded before o s c i l la t io n s
can commence. A comparison between the Lorentz model and the
wave lenijths in  the structured s ta te  i s  good. F in a lly , an estim ate
of the v e lo c i t ie s  in  a range o f f lu id s  i s  compared. The e s s e n t ia l
conclusion i s  that for  high Prandtl numbers the magnitude of the
*
v e lo c i ty , induced in  the f lu id  by Rayleigh-Benard convection , i s  not 
large enough to  provide a su ita b ly  large v e r t ic a l  shear. L ikew ise, 
the s ta b il iz in g  e f fe c t  o f the v e r t ic a l  temperature gradient becomes 
too large for o s c i l la t io n s  to  occur.
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PREFACE
At a meeting o f the B r it ish  A ssocia tion  in  1932 S ir  Horace 
Lamb i s  said  to  have observed "I am an old  man, when I d ie and go 
to  heaven there are two m atters which I hope fo r  enlightenment: 
one is  quantum electrodynam ics the other i s  the turbulent motion 
of f lu id s .  About the former I am r e a lly  rather o p tim is tic ” .
This i s  a pertinent comment as i t  i s  found with an overwhelming 
m ajority of flow s a c tu a lly  encountered in  nature and technology are, 
in  f a c t ,  turbulent flo w s, where laminar flo w s, which are studied in  
d e ta il  in  f lu id  mechanics, only occur as f a ir ly  rare exceptions and 
any ap p lica tion  of hydrodynamics to  r e a l f lu id s  i s  fraught w ith  
d i f f i c u l t i e s .
One o f the most fa sc in a tin g  phenomena, not only in  physics  
but a lso  other areas i s  the spontaneous creation  o f structured s ta te s  
out of disordered s ta te s .  In the continuously extended media which, 
by the change of extern al parameters, s p a t ia l ,  temporal or even 
fu n ction a l stru ctu res are created .
There are numerous examples: the la se r , th e  convection in s t a b i l i t y  
of f lu id s ,  brain models and models of morphogenesis. These examples 
can provide i l lu s t r a t io n s  of the kind o f pattern s which may occur in  
the order s ta te .
P aradoxically , competition i s  c ru c ia l fo r  the la se r , for  evo lu tion  
processes of b io lo g ic a l molecular and population dynamics, y e t co-operation
t
i s  e s s e n t ia l  and leads to  new stru ctu res in  the Benard in s t a b i l i t y .
When f lu id s  are heated from below or the s id e , for  small 
temperature grad ien ts, the heat i s  transported by conduction Aei co(\<ecJion ciiso 
However, beyond a c r i t ic a l  temperature grad ien t, on the account of 
buoyancy e f f e c t s  heat i s  transported mainly by convection i n i t i a l l y  in
(iii)
the form o f  r o l l s  and when the temperature gradient i s  increased  
more complicated structures such as hexagons e tc .  can occur. The 
warmer parts o f the f lu id  flow upwards, cool down at the upper surface  
and return to  the lower su rface. Amazingly, th is  convection occurs 
in  w ell regu lated  sp a t ia l p attern s.
This th e s is  i s  concerned w ith the fo llo w in g  aspects: F ir s t  the
a n a ly sis  of research work conducted out by other workers both 
th e o r e tic a l and p ra c tica l as the r e s u lt s  of f lu id s  driven therm ally
I
i . e .  the Rayleigh-Benard convection. However, liq u id s  w ith small 
Prandtl number, thermal conduction proceeds rap id ly  and a lso  the 
in tern a l v e lo c ity  develops very qu ick ly . These f a c t s ,  together with  
the n o n -lin ea r ity  of the in e r t ia l  terms generates an almost 
in tra cta b le  d if fe r e n t ia l  problem. N everth eless, the main ta sk  i s  to  
demonstrate that liq u id  m etals have thermal p rop erties which are sim ilar  
to  liq u id s  of h i ^  Prandtl number i . e .  Structured s ta te s .  The 
ex isten ce  o f thermal o s c i l la t io n s  i s  o f great in te r e s t  and the e ffe c t  
i s  c er ta in ly  enhanced in  liq u id  m etals and sem i-conductors. I t  has 
been found by many workers, that u n less  the o s c i l la t io n s  are su itab ly  
reduced they r e su lt  in  r e s is t iv e  s tr ia t io n s  when semi-conductor 
cr y s ta ls  are grown from m elts. A review of the research carried out 
by workers on temperature o s c i l la t io n s  i s  presented . The in ten tio n  
i s  to  develop a theory and to  conduct experiments with liq u id  m etals, 
and th at theire w il l  appear, p o s it iv e  co rre la tio n , between theory and 
experiment.
I t  i s  hoped that the work carried  out w i l l  throw considerable  
lig h t  on the e s s e n t ia l  physics o f the problem and afford a method 
whereby temperature o s c i l la t io n s  can be severely  reduced in  areas of 
c ry sta l growth
X
V
Table of most important symbols
^  -  A cceleration  due to  gravity
-  D ensity of working f lu id
CÇ -  Volume c o e f f ic ie n t  o f expansion
Cp -  S p ec ific  heat capacity
-  V isco s ity
^  -  Kinematic v is c o s ity
Thermal d if fu s ity  
Prandtl number
-  Rayleigh number
-  C r it ic a l Rayleigh number
-  Reynolds number
-  C r itic a l Reynolds number
^  -  Grashof number
-  Pressure
^  -  Depth o f working f lu id
^  -  Coordinate d ir e c tio n
3  -  Coordinate d ir e c tio n
"2L -  Coordinate d irec tio n
Radial d irec tio n  
Azimuthal d irec tio n
(iv)
iV- _ V e locity  in  d ir e c tio n
^  -  V elocity  in  y  d ir e c tio n
-  V elocity  in  d ir e c tio n





Temperature d ifferen ce  
Temperature
Temperature perturbation
Temperature perturbation in  polar model
B asic v e lo c ity  flow in  ra d ia l d ir e c t io n
(v)
-  Perturbation v e lo c ity  in  r a d ia l d ir e c t io n
^  * -  Perturbation v e lo c ity  in  azimuthal d ir e c tio n
-  Perturbation v e lo c ity  in  v e r t ic a l  d ir e c tio n
-  Wave number resp ec tiv e  x , y and z
d irec tio n s
^  -  Angular frequency
—  -  V e lo c ity  p o te n tia l
V  V  Vi
•j ^  -  Linear growth r a te s
-  Amplitudes
^  -  Constant o f in teg ra tio n
-  Numerical c o e f f ic ie n ts
“ Numerical c o ^ e ff ic ie n ts
-  Temperature gradient x d ir e c tio n
-  Temperature gradient ra d ia l d ir e c tio n
' ’̂2. -  Non-dimensional v e r t ic a l  temperature gradient
^  -  Width o f boat
^  -  Frequency of o s c i l la t io n
^ 2 . -  Non-dimensional shear
1 _
n
V ertica l wave number 
H orizontal wave number
-  Numerical constants  
^  -  Non-dimensional r a tio
_ Outer radius  
^  L -  Inner radius
tk- -  V e lo c ity  vector
-  Aspect r a tio
-  E ffe c t iv e  boat length
-  Complex frequency
-  Temperature at the lower p la te
(vi)
T  Y -  Temperature at the upper p la te
-  C h a ra cter istic  time in ter v a l  
^  -  Mean period o f o s c i l la t io n
V  -  Reynolds number fu n ction
<5 * -  V ariation  of v is c o s ity  w ith temperature
^  -  Expansion parameter
^  — V o r tic ity
(h) -  Temperature fu n ction
Constants are defined w ith in  the te x t for convenience of presentation  
and c la r i ty .
CHAPTER I
Section  ( i )
Hydrodynamic in s ta b i l i ty  o f a f lu id  layer heated from below
When a v e r t ic a l  downward temperature gradient e x is t s  in  a 
f lu id ,  there i s  an ad d ition a l d e s ta b iliz a t io n  o f the flow  due to  
buoyancy, which i s  sim ilar  to  the e f fe c t  o f c en tr ifu g a l forces in  
curved flow  when the ro ta tio n a l v e lo c ity  o f the f lu id  in creases  
w ith i t s  d istan ce from the centre o f curvature. The converse 
phenomenon, an upward temperature grad ien t, has a s ta b il iz in g  
e f fe c t  on the flo w ;in  the case of curved flow  w ith the v e lo c ity  i t  i s  
in creasin g  with d istan ce from the centre of curvature. The problem 
o f the s t a b i l i t y  of a th in  layer o f f lu id  between two in f in it e  planes 
at d iffe re n t temperatures i s  analogous to  the s t a b i l i t y  problem of  
an incom pressible f lu id  between two ro ta tin g  cy lin d ers .
The so lu tio n  of the problem of in s t a b i l i t y  w i l l  r e s t  w ith in  
the framework o f Boussinesq equations fo r  fr e e  convection. The 
v e r t ic a l  depth of the f lu id  w il l  be very small when compared 
to  i t s  length  i . e .  a small aspect r a t io . The only extern al 
mechanical force to  be considered i s  g ra v ity . I t  i s  assumed i t  i s  
a constant throughout the layer and d irected  v e r t ic a l ly  downwards. 
V ariations in  d en sity  are assumed to  be brought about by only  
moderate heating and are taken in to  account only in  the buoyancy 
term of the Navier -S tokes equations. Thus d en sity  d ifferen ces  
are considered to  be much sm aller than the mean d en sity . Likewise 
the f lu id  p roperties k, C p and OC are assumed to  be constant
The equations are as fo llow s:
^  = o  1.1
4- V L - V  VT Uv.  4  VjkT ^  \JL i .2fo
4 . a v r ^ 4 - v j \ j j ^  4-v x r  4  0 1 .3
+  + v j - u r ^  = - 1  
T* + ii.'Ty_+ vj" Tw + UT 3  tC~V^ T ^̂ j
These f iv e  equations describe the p rop erties o f fr ee  convection  
and are normally ca lled  the Boussinesq approximation for  f lu id  
mechanics.
Consider a layer o f f lu id  bounded by r ig id  planes ^ and = cL
which are maintained at resp ec tiv e  temperatures ' and T v
The boundary conditions w i l l  be
U - z : O ^ T = T L  ■2 = 0  l . g
=  O j  T  -  Z . =  A
There are a lso  other d if fe r e n t ph ysica l conditions on the  
boundary layer. There have been enumerated by  ̂  ̂  ̂ Sparrow, G oldstein  
and Jonsson (1964) and Hurle, Jakeman and Pike ( 1967)»
The steady s ta te  s t a b i l i t y  i s  independent of the boundary 
cond itions and w il l  a lso  be a s ta te  o f r e s t .  However, in  the a n a ly sis  
the Boussinesq approximation: the d en sity  v a r ia tio n s  w ith the depth 
i s  n e g lig ib ly  sm all, w il l  be taken fo r  the disturbance equations.
The r e s u lt s  w i l l ,  naturally  be only v a lid  for r e la t iv e ly  th in  la y ers .
In the instance o f very th in  layers the r e s u lt s  become in v a lid  due 
to  breakdown in  lin e a r ity  cond itions o f the temperature p r o f ile ;  th is  
condition  i s  fu l ly  tabulated in  Sutton ( 1950) and Segel and 
Stuart (1962). Into the equations perturbations in  v e lo c ity ,  
temperature and pressure are introduced and then lin e a r iz in g  the 
Boussinesq equations in  non-dim ensional form the fo llow in g  expression  
fo r  the temperature perturbation i s  obtained:
~ ExT  ̂ 4. L b 1
V. "% dL j
J__
1.8
1 = K L
Prom equation ( I .8 )  i t  i s  p o ssib le  to  derive the fo llo w in g  eigenvalue  
problem:
Ù  - i? % lo o T * \ 0  + 1̂ 1 1 ^ 0  = 0
/  I'lO
where ~
Using con d ition s o f r ig id  boundaries and f lu id  temperature we have 
the fo llo w in g  conditions:
i_  _  t ^ 4 L w J > ? r j e = C )  1.12
y
= t C e  = A**e = 0
a /c \
More ex ten sive  d er iva tion s are ava ila b le  in  ' Chandrasekhar (1961),
Stuart (1963) and Lin ( 1955)« S im ilar expressions with
boundary con d ition s such as r ig id  boundaries o f f i n i t e  condu ctiv ity
or boundaries w ith constant heat f lu x  or a lin ea r  re la t io n sh ip
between the heat flu x  and the temperature can be found. With every
case we obtain  an eigenvalue problem, which for a given  Prandtl
number, has only two parameters: the wave number k and the Rayleigh
number Ra. I t  th erefore fo llo w s , that fo r  given  values o f k and Ra
there w i l l  be a corresponding set o f eigen values Wj, (k , Ra). The
fo llo w in g  con stra in ts  w i l l  be se t upon the eigenvalues:
(a) i f  the lower boundsury i s  at a lower temperature w ith respect to  
the upper boundary
(b) when the lower boundary i s  s l ig h t ly  warmer than the upper, a l l  
the eigenvalues Wj, (k , Ra) for a l l  va lu es o f k , w i l l  have a
negative imaginary part; there i s  a sso c ia ted  with a c r i t i c a l  
temperature d ifferen ce  A T  a c r i t i c a l  value of Racr a value k » kcr 
w ill  occur for  which one of the eigenvalues Wj, (k cr , Racr) has a
zero imaginary part. A rigorous mathematical proof o f th is
/ o\
featu re was f i r s t  given by Pellew  and Southwell (1940)*
The lo s s  o f s t a b i l i t y  o f the s ta te  o f  r e s t  in  a f lu id  i s  
characterized  by obtain ing some c r i t i c a l  temperature d ifferen ce  
say A T which lead s to  steady convection which i s  p er io d ic  w ith  
respect to  x and y . A ll the e s s e n t ia l  fe a tu r e s , from a q u a lita t iv e  
view point, fo r  the tr a n s it io n  from s t a b i l i t y  in to  in s t a b i l i t y  in  a 
layer  of f lu id  heated from below were described very c le a r ly  by
Rayleigh (1916) who analyzed the m athem atically sim pler problem 
of convection in  a layer of f lu id  between two fr e e  boundaries at 
constant temperature. In essence t h is  problem reduces to  an eigenvalue  
problem fo r  the d if fe r e n t ia l  equation:
with assoc ia ted  boundary con d ition s fo r  ^  1  ~  *
for e =  41©. -À ( i i  -  L u i?  e \  = o  
'*1 '' >
_  _  1.15
To estim ate the eigenvalue spectrum and the c r i t i c a l  Rayleigh
number and associa ted  wavelength i t  i s  s u f f ic ie n t  to  consider (1 .I4 )  
having the value oj « o , and then (1 .1 4 ) reduces to :
i L
I- r
Kernel so lu tio n s of ( I .I 6 )  which a lso  s a t i s f y  (1 .1 5 ) fo r  [ = 0  and 
^ “ 1 are of the form: where n = 1 , 2 , . . .  e tc .  Therefore
fo r  s u f f ic ie n t ly  large va lu es o f Ra we ob ta in  a s e r ie s  o f d if fe re n t  
natural disturbances where to  * o and the wave numbers s a t is fy :
l T r V - + t ^ )  = 1-17
The minimum Rayleigh number fo r  every g iven  value o f k w i l l  
correspond to  a disturbance fo r  the lowest value o f n v iz  n * 1 .
. 3  ^
Then th e  c r i t ic a l  Rayleigh number i s  Racr = m i n i m u m I 1*l8
k
This w il l  y ie ld  Racr =  ̂ where kcr = ^  1.19
To obtain  meaningful r e s u lt s  fo r  convection between r ig id  
f lu id  temperature boundaries, a sim ilar  c a lcu la tio n  as above, i s  
required; however, numerical methods are introduced* These numerical 
c a lcu la tio n s  have been carried  out by Low (1929); Pellew  and
Southwell (1940), Lin ( l 955)> Reid and H arris ( 1958) and
Chandrasekhar ^1961)# For the r ig id  boundary con d ition s R a c r 1 7 O 8  
and the c r i t i c a l  wavelength, kcr = .  3 » 12. The va lu es fo r  k and 
the f i r s t  10 e igenfunctions of the eigenvalue problem i s  given in
(12)the work of Catton (1966). The value of k g iv e s  only the
p e r io d ic ity  o f the flow in  the (x ,y )  plane and not i t s  amplitude 
and ch a ra cter id ics . I t  i s  p ossib le  to  rep lace the fu nction  )
in  equation ( I .8 )  by a more general fu n ction  of the form JE (x ,y )  
which w il l  s a t is fy  the fo llow ing p a r t ia l d i f f e r e n t ia l  equation:
-+ I .Ü  + L 2 .2 .  + ^ 1 = 0  1.20
d*-
The new function  w il l  pred ict more accu ra tely , the nature of 
the pattern  with which the c e l l s  break in to . However, Stuart ( 19&3 ) 
showed that the flow  w il l  break down in to  a set o f c e l l s  termed 
Benard c e l l s  a fter  Benard (19OO) who f i r s t  observed the
phenomena, experim entally. The c e l l s  adopt the form of hexagonal 
prism s, where in  the centre the f lu id  flow s upwards and on the edges 
i t  w il l  move downwards depending on the nature o f the i n i t i a l  
con d ition s. Christopherson (194O) determined the exact form
o f , and comparisons w ith v e lo c ity  f i e ld s  corresponding to  the
appropriate eigen fun ctions. The b asic  id eas w ith observations may 
be found in  Chandrasekhar (1961) and a lso  in  Stuart (1964)»
An a lte r n a tiv e  configuration  i s  to  have the upper boundary of
the f lu id  free  w ith a f ix e d  temperature; the only m od ifica tion  i s  
to  rep lace the boundary condition
0  = A B  _  ^  I ^  h  I 0 = 0  ^
1.22Orv ") = 1  ̂ tv i 0  = = A 0
This in  turn y ie ld s  a new eigenvalue problem which produces 
a new value fo r  ©  the lo s s  o f s t a b i l i t y  Racr UOO.The c r i t i c a l  
R a y le i^  va lu e , fo r  convection between r ig id  boundaries has been 
confirmed experim entally and the agreement i s  good. The experim ental 
work has been comprehensively covered in  Chandrasekhar (1961) and 
Sutton (1950)* Thompson and Sogin. C r it ic a l Rayleigh values
fo r  other boundary conditions are quoted in  Sparrow, G oldstein  and 
Jonsson (1964) Hurle, Jakeman and Pike (1964) and N ield  (1967)*
A further increase o f the temperature d if fe r e n c e , and a 
corresponding increase in  the Rayleigh number above the value of 
Racr, the steady ’ c e llu la r ' convection pattern  i s  m aintained, but 
then i t  becomes unstable and fo r  a Rayleigh number o f the order o f  
5 X 10  ̂ d isordered turbulent motion a r is e s . The tr a n s it io n  from 
laminar to  turbulent flow  occurs in  a s e r ie s  o f d isc r e te  jumps.
Each region  of convections which i s  more disordered than the preceding  
one. The c h a r a c te r is t ic s  o f th ese  reg ion s i s  d iscu ssed  more f u l ly  
in  Malkus ( l 954) and W illis  and Deardoff ( 196? )•
Section  ( i i )
S ta b ility  C h aracter istics  of flow s
One of the sim plest methods of in v e s t ig a tin g  s t a b i l i t y  o f flow s  
assoc ia ted  with disturbances or perturbations o f f i n i t e  amplitude 
i s  the 'Energy Method’ f i r s t  introduced by 0 . Reynolds in  (1894)*
An analogue approach was a lso  employed fo r  thermal convection  
problems e sp e c ia lly  by Sorokin ( l 953> 1954) and Joseph 
(1965* 1966). Joseph obtained the fo llow in g  r e s u lt :  the convective  
motion w i l l  be u n iv ersa lly  stab le  to  any disturbance o f th e v e lo c ity
o  C  R e  4or temperature i f  O Kol, -  ^
And in  the p articu lar  case o f a sta tion ary  h orizon ta l f lu id  
la y e r , which has % -  and we obtain  Racrmin ^  |^ q
The preceding value was improved by su ita b le  om ission o f a term in  
the equation o f the balance o f in te n s ity  and a new value of 
Racrmin ^  was obtained. However, the value obtained from
lin ea r  theory i s  Racr 1708, which i s  not in  good agreement.
Employing the methods o f v a r ia tio n a l ca lcu lu s  i t  i s  p o ss ib le  
to  evaluate a minimum eigenvalue of an asso c ia ted  eigenvalue problem 
for  a system of p a r tia l d if fe r e n t ia l  equations. This eigenvalue  
problem i s  in  agreement w ith the eigenvalue problem of lin ea r  
s t a b i l i t y  theory corresponding to  disturbances governed by the 
p rin c ip le  o f exchange s t a b i l i t i e s .  This technique was confirmed by 
Sorokin ( 1953)> who sim ultaneously gave a proof o f the v a lid ity  of 
the p r in c ip le  of exchange s t a b i l i t i e s  in  thermal convection problems.
Joseph (1965) also  confirmed the work of Sorokin.
In the deduction of the unknown minimum eigen valu e, Racrmin, 
rep laces the parameter Ra o f the lin ea r  disturbance theory in  the 
boundary value problems. Now the la s t  estim ate o f Racrmin cannot 
exceed Racr Hence the energy method, in  the case o f pure convection, 
g iv es  a p rec ise  value o f Racrmin. Furthermore, i t  confirms that 
the structure of the Boussinesq approximate theory o f convection of 
a f lu id  layer  heated from below w il l  be s ta b le  to  arbitrary p eriod ic  
disturbances of a l l  Rayleigh numbers lower than th at predicted by 
lin ea r  disturbance theory.
Other ap p lica tion s o f the energy method to  thermal convection  
problems, e sp e c ia lly  with the nature o f flow  patterns in  the
( 23)presence of in tern a l heat sources have been considered by ' Joseph 
and Smir (1966) Joseph and Carmi (1966) and Joseph,
G oldstein and Graham (1968).
Another method of approach to  s t a b i l i t y  theory i s  to  
in v e s tig a te  the behaviour of a complete system of non-linear  
dynamical equations and the Reynolds number w i l l  be used. The 
most general r e s u lt s  on the nature o f f in i t e  disturbances w ith Re 
in  the region  o f which are independent o f the form of the
hydrodynamical equations which were evaluated by Landau ( 1944) «
Consider the s itu a t io n  where ^I^^Qbut w ith Re -  Recr sm all. 
When the condition  Re=Recr i s  s a t is f ie d  there w il l  occur a perturba­
t io n  of frequency, OD having a zero imaginary part. However, with  
Re -  Recr having a small p o s it iv e  value there w i l l  e x is t  an 
in f in ite s im a l perturbation with v e lo c ity  f i e ld  o f the form
where the fo llow in g  conditions are imposed upon
, — H t “ Vuo1 1
^  ^  V  t r j L m a g in a r y t o  >  O
> '
and as PwC. implying that Y A <L| |
w ith a very small difierence between Re -  Recr, Then i s  an
eigenfunction  of the corresponding eigenvalue problem. Then
A (t) w il l  s a t is fy  the d if fe r e n t ia l  equation:
41^ ’’ =  a V l A l ’-
1 .24
However, ( l . 24) i s  only va lid  w ith in  the framework of lin ear  
disturbance theory# Hence, as A (t) in creases there w il l  come a 
juncture when the theory i s  no longer v a lid  and a theory which 
encompasses non-linear terms w i l l  be necessary. The r ig h t hand sid e  
of (1 .24 ) may be looked upon as the f i r s t  term in  a power se r ie s  
expansion of ^151^ I t  i s  p o ssib le  to  take account o f the non-linear  
terms by ap p lica tion  of other con d ition s, and the fo llow in g  
d if fe r e n t ia l  equation a r ise s :
4-
-  -  U " t  -  Q |H | 1,25
.1
The ad d ition a l c o e ff ic ie n t  ^  can have a p o s it iv e  or negative
s ig n  and may be zero only in  exceptional circum stances. The
general so lu tio n  o f (1 .25 ) w i l l  be:
^ Y t
=   %-------Tx/. 1.26
I t  should be noted the th ird  order terms in  A and A^ w i l l  contain  
a p er io d ic  fa c to r  and they w i l l  disappear during the averaging.
For the fourth order term s, a fter  averaging, there w i l l  only remain 
a term proportional to  j R e t u r n i n g  to  so lu tio n  ( l . 26 ) .  The constant 
i s  only a constant o f in teg ra tio n . Consider the con d ition s when: Q
I the amplitude w il l  i n i t i a l l y  increase exp on entia lly
as w ith the lin ea r  theory, however the ra te  o f increase w i l l  slow  
and a s , t ,  appioaches large values and the amplitude w i l l  approach 
a f i n i t e  value o f  j ^ which i s  independent of a (o ) .  Now
Y i s  a fu n ction  of the Reynolds number and Y = 0 occurs when Re = Recr. 
However, Y may also  be expanded as a power s e r ie s  o f the form 
Re -  Recr but having the constraint S s^ o fo r  Re = Recr i t  then fo llo w s  
that and consequently the fo llo w in g  condition  now
holds that -  Recr)^ for  small Re -  Recr.
We w il l  not consider the case where ^  i t  i s  not relevant 
to  our d iscu ssio n . Our a tten tio n  i s  focused on the conditions
perturbations may be viewed as the so ft  s e l f  e x c ita t io n  of 
an elementary o s c i l la to r  which produces steady p eriod ic  o s c i l la t io n s  
w ith sm all, but f in i t e  amplitudax(Re -  Recr^ ^ N evertheless, 
equation (I .2 5 )  d efin es  only the amplitude of the o s c i l la t io n s  not 
the phase. The e s s e n t ia l feature o f such an o s c i l la to r  i s  th at i t  
comprises o f a s in g le  degree of freedom, which i s  contrary to  steady  
laminar flow  which i s  uniquely defined by boundary cond itions and 
e x h ib its  no property analogues to  a spectrum o f  degrees o f freedom.
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As the v a lu es  of Re i s  further increased the p eriod ic  motion
i t s e l f  may become unstable to  small d isturbances o f the form LT
The in s t a b i l i t y  o f flow , w ith a v e lo c ity  f i e ld  tak ing the form '
where Lu represents the f in a l  value o f the disturbances assoc ia ted
w ith (1 .23 ) which., in  turn , depends on (Re -  R ecr), may be in v estig a ted
by the method o f ordinary disturbances.
I t  i s  only necessary to in v e s tig a te  p articu lar  so lu tio n s o f the
lin ea r  equation with a perturbation kT of the form 1*2?
where i .  i s  a period ic fu n ction  of time having a period ^ M and to  
) Uj),
determine the frequency when oj> -i02 .w ith  which as Re in crea ses,
there w i l l  f i r s t  appear fo r  Re = Recr a p o s it iv e  imaginary part.
Now as t  approaches extreme large values^ quasi-p eriod ic  o s c i l la t io n s
w il l  occur with two periods and I i i  having two degrees
to , ^IL
of freedom . Hence i t  i s  p o ssib le  to  extrapolate  a concept of in ter v a ls  
between c r i t ic a l  Reynolds numbers which w il l  decrease continuously  
and the o s c i l la t io n s  which a r ise  w i l l  be of higher and higher frequency 
and o f sm aller sca le . Hence, for  s u f f ic ie n t ly  large Reynolds number 
the motion w i l l  have many degrees o f freedom and be very complex 
and disordered.
The d iscu ssio n  has i l lu s tr a te d  the core of Landau's theory 
concerning the onset of turbulence. However, i t  i s  r e a lly  d i f f i c u l t  
to  assume i t  i s  rigorous and complete. I t  i s  founded on the assumption 
that a s in g le  perturbation w i l l  be induced at sm all p o s it iv e  values o f 
Re -  Recr but many disturbances w i l l  o ften  e x is t  fo r  Re 'y  Recr and
( 27)th e ir  in tera c tio n s  are o f considerable importance. See Eckhaus
(1965). Furthermore, terms such as I A |^  a lso  ÿay an important part 
as ind icated  by Ponomarenko ( 1965)» However, the most important
d efect o f Landau's theory i s  th a t , so f a r ,  i t  has not been v e r if ie d  
by d ir e c t ca lcu la tio n s to  any problem and the process of tr a n s it io n
J_L
to  turbulence which i t  d escrib es i s  in  no way universal#
Consequently, turbulent motion w il l  occur as a r e s u lt  o f in s t a b i l i t y  
with resp ect to  f in i t e  d isturbances, w hile at the onset i t  w il l  
contain  a very large number of d e ^ é e s  of freedom.
Convection in  a f lu id  layer heated from below and other 
sim ilar  problems have a lso  been in v estig a ted  from another d ir e c t io n
Yudovich (1966) and (1967)* With the a id  of the combination 
of the to p o lo g ic a l method o f Krasnosel* sk iy  and the a n a ly t ic a l method 
o f Lyapunov -  Schmidt. Yudovich i l lu s tr a te d  that when Ra slow ly  
in crea ses  and passes through the c r i t i c a l  value Racr two new steady  
so lu tio n s  o f g iven  p e r io d ic ity  in  the (x ,y )  plane appeared; both  
th ese  va lu es having asym ptotic expansions in  powers o f (Ra -  Racr) 
Furthermore, the equilibrium  so lu tio n  turns out to  be unstable fo r  super­
c r i t i c a l  Ra numbers and the other two so lu tio n s  are sta b le  
w ith resp ect to  small d isturbances o f the same p e r io d ic ity . However, 
the con sid eration  o f two d iffe re n t p e r io d ic it ie s  i s  required to  exp la in  
the form ation of hexagonal c e l l s  in  convection.
Stationary c e llu la r  so lu tio n s  a r ise  with an amplitude which i s
proportioned to  (Ra -  R acr)• subject to  the constra in t that the r a t io
Ra -  Racr i s  sm all. This fa c t i s  in  agreonent w ith  the concept for 
Ra
Ra >  Racr, there occurs s o f t ly  ex cited  o s c i l la t io n s  s p a t ia lly  rather  
than tem porarily or ien ta ted  corresponding to  th e Landau theory, 
A d d itio n a lly , c e llu la r  so lu tio n s  of the n on -lin ear Boussinesq equations 
were stud ied  by Sorokin ( 1954)> Gorkov ( 1957)> Malkus and
Veromis ( 1958) ,  Kuo (1961) and Bisshopp (1962), Stuart
(1958) employed an approximate so lu tio n  to  equation ( 2 , 39) the so ca lled  
'shape assumption*: that the character o f th e perturbations do not 
change with tim e, and coincide with unstable perturbations which appear 
at Ra « Racr. He derived , th a t V ‘̂ (Ra -  Racr) from lin ea r  perturbation
J2.
theory and S  i s  d ir e c t ly  r e la ted  to  th e e igen fu n ction  lAich ascribe the  
n eu tra lly  sta b le  in f in ite s im a l perturbation# The Landau-Stuart approach 
i s  not exact and i s  only a f i r s t  order approximation fo r  Ra when i t  i s  
f i r s t  greater than Racr# The more exact methods o f Gor'kov , Malkus and 
V eronis, Kuo, Bisshopp et a l ,  p'redict a large number o f d is t in c t  
sta tio n a ry  so lu tio n s  to  be derived in  th e  form o f two dim ensional waves 
which are proportional to  subject to  the constrain t
b , -  b  t r  which (under p a r ticu la r  boundary conditions)
produces: square c e l l s ,  hexagonal c e l l s  e t sequ#
A general method fo r  the construction  of sta tio n a ry  so lu tio n s  to the  
n on -lin ear convection equations for  moderate va lu es of Ra >  Racr, was 
developed by Schlu ter, Lortz and Busse ( 1965)* This method employed
an expansion in  powers of a small parameter, 6 , linked to  the expansions 
employed by Gor'kov and by Malkus and Veronis fo r  the con stru ction  o f  
s p e c if ic  so lu tio n s; th ese take the form of
LL = e   ̂Ix) + i f - V  - - - t (3G = e  + e ’ 11. 28a
= "RcxCf + 6  +  + + “ *■* 1.28b
C ertainly that up to  the second-order terms and according constrain t 
uponG, we w i l l  have e  ^  ("Rex-
By s e t t in g  th e  c o e f f ic ie n ts  o f equal powers o f €  on both s id e s  of 
the system o f Boussinesq equations and each time employ the boundary 
conditions of the problem we obtain  lin ea r iz ed  convection equations# For 
higher order terms in  the s e r ie s ,  a sequence o f systems of inhomogenous 
p a r tia l d if fe r e n t ia l  equations i s  obtained. Employing cer ta in  ex isten ce  
con d ition s i t  i s  p o ssib le  to  defin e a l l  the Ra^^^ and subsequently  
and T In many cases they may be determined uniquely with aid
of the corresponding inhomogenous p a r tia l d i f f e r e n t ia l  system. F in a lly  
we d efin e  a parameter 6  from the eq u a lity
R o .-  Rc.tc = e  + £= R l  ■+ -̂  + 1.29
This approach was employed by Segel (1966) to  obtain  the
so lu tio n  o f  a simple non -lin ear p a r t ia l d if fe r e n t ia l  equation.
Schlliter et a l (1965) stud ied  the sta tion ary  so lu tio n s  obtained i f  
the zero order approximation Ll) T  C9() is  chosen proportional
to  the fu n ction  ^
5  E X f [  t  ( X  + ^ 4 * ^ 3 1 1 1-30
where \  L = % : and ^ ^
and K i s  a constant
In t h is  context the ex isten ce  con d ition s fo r  so lu tio n s  o f the
(2) (2)second-order system namely U' , T' ' reduce to the con d ition  
Ra^^^=o. I f  we s e le c t  Ra^^^»o, then the system o f equations
( 2 )T' has unique so lu tio n s  for  an arb itrary choice o f fu n ction s fo r  
(1 .3 0 ) in  the zero-order approximation. Furthermore, Schluter et a l 
i l lu s t r a te d  that th e  number o f fu n ctio n s, 2 ’ f rom which i t  i s  
p o ssib le  to  construct sta tion ary  so lu tio n s  T  ()t^ up to  terms
of a l l  orders E, appears to  be in f in i t e .  Thus, a l l  ex isten ce  
conditions can be e a s i ly  confirmed in  the 'regu lar case* in  which a l l  
angles between neighbouring k  vectors are equal w ith regu lar case  
in clu d in g , r o l l s ,  square c e l l s ,  and hexagons.
When Ra Racr the preceding expansion methods are no longer  
v a lid .
The most f r u it f u l  approach i s  the a p p lica tio n  o f numerical 
methods employing a va r iety  of approximations. The aim i s  to  determine 
u sing  various boundary conditions and va lu es of Prandtl numbers, steady  
s ta te  Boussinesq equations for simple two dim ensional r o l l s .  These 
procedures were adopted by: Kuo (1961), Herring ( 19&3);  ( 19&4 )
Deardoff (1964), Fromm ( 1965);  Veronis (1966),
Busse (1967); Roberts (1966) and Schneck and Veronis
(1967)* The r e s u lt s  obtained by th ese  workers are in  accordance 
w ith the e x is t in g  data on convective heat tra n sfer  fo r  large enough
ÜL
Rayleigh numhers, and for  the mean c h a r a c te r is t ic s  of temperature 
and v e lo c ity  f i e ld s  under such co n d ition s. However, one fea tu re  
which appears from the observations, i s  th at the v e r t ic a l  p r o f ile  
of the mean temperature at a large Ra d if f e r s  markedly from that 
o f the lin ea r  p r o f ile  which i s  observed at Ra r Racr* As Ra i s  
increased , a large region  in  the centre o f the f lu id  layer  a tta in s  
a nearly isotherm al s ta te  in  the mean; the th ick n ess o f th is  region  
in creases w ith in creasin g  Ra, almost a l l  the change in  the mean 
temperature i s  concentrated in  two th in  thermal boundary la yers  
near the boundaries of the flow . The temperature f i e ld  fo r  large  
values o f Ra i s  characterised  by a large mass of nearly isotherm al 
f lu id  in  the centre o f the f lu id ,  and comprising of a s e r ie s  
mushroom-shaped isotherm als, A fu rther fea tu re  i s  th at in  the almost 
isotherm al centre region  a small p o s it iv e  v e r t ic a l  temperature 
gradient, which i s  a rev ersa l of the normal temperature grad ien t, 
occurs, when Ra/Racr i s  greater by severa l u n its . The rev ersa l o f 
temperature gradient in  the cen tra l region  o f a f lu id  layer at
was observed experim entally by G il le  (1967) by
in terferom etric  measurements.
Turning now to  the important question  o f the ex isten ce  o f a preferred  
mode o f disturbance which i s  the only p h y sic a lly  p o ss ib le  so lu tio n  in  a 
r ea l f lu id .  The lin ea r  s t a b i l i t y  theory p red ic ts  th at fo r  the  
condition  R a^  Racr there w il l  be an in f in i t e  se t o f unstable  
in f in ite s im a l disturbances with exponential growth r a te s  corresponding 
to  a range o f values o f the wave number, k, in  the reg ion  o f the  
value k « kcr at which in s t a b i l i t y  w il l  f i r s t  appear. The most unstable 
disturbance w i l l  be n atu ra lly  the most rap id ly  in creasin g  and w i l l  
correspond to  a p a rticu lar  value o f k. However, there w i l l  be an 
in f in i t e  se t  o f such d isturbances, s in ce  fo r  any g iven  k 
the h orizon ta l form of a disturbance may be described
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by an arb itrary fu n ction  such as IC ljY u  s a t is fy in g  equation ( 1 . 20) .
Experimental evidence shows that under each s p e c if ic  se t o f  
con d ition s there w i l l  always a r ise  only a disturbance having a s t r ic t ly  
defined form. In p articu lar  a d iv is io n  of the h orizonta l plane in to  a 
set o f regular hexagonal c e l l s ,  with and a sso c ia ted  amplitude. The Landau 
theory does not exp la in  wtiy perturbations w ith severa l d if fe r e n t values o f  
k never a r ise  in  the f lu id  and a lso  among a l l  the p o ssib le  perturbations  
only one w ith a p articu lar  form o f % i s  naturally  observed.
C alcu lations by Segel (1962) p a r t ia l ly  exp la in  the problem that in  a
number o f p articu lar  cases non-linear in ter a c tio n s  o f d isturbances d if fe r in g  
in  wave numbers may lead to  a vigorous growth o f disturbances o f one 
p articu lar  wave number, with the suppression o f  the r e s t .  In h is  work S eg e l, 
considered a simple "pair in teraction"  o f two r o l l s  independent o f the y 
coordinate in  a layer bounded both above and below by p la n e-free  boundary 
con d ition s. The evo lu tion  of a disturbance having a v e lo c ity  component
U r  where ^ ^  ^ ^  1»31a
and w i l l  take the form of:
4" other small complements 1 . 31L
Employing the methods of Stuart (1960) and Watson (1960)
Segel deduced the f i r s t  non-linear approximations the * amplitude equations*
fo r  th e  fu n c tio n s  A  ̂ and. A ^ in  th e fo llo w in g  form:
=  Y,A,
 ̂ I?, N,
1.32
1.33
When K ^ = .0  — O the eq u ation s (1 .3 2 ) and ( 1. 33) y ie ld
eq u ation s which are eq u iva len t to  Landau's éq u ation  ( 1 , 49)* The 
above eq u ation s w i l l  y ie ld  th e fo llo w in g  steady s ta te  s o lu t io n s :
= o  1-34
^ 2 = l ^ \% .- N , '^ a ' ) ' ' \^ .% x - ^ .p O ' ' ’ ‘ 1 -3G
The important p h ysica l case w il l  occur with 1*39
\  > 0 ^ V ; l > 0 ,  % , > o ,  %a> 0
I t  fo llo w s  that i f  ( l * 35) or ( 1*36) e x h ib its  a s t a b i l i t y  then ( 1#37) o?
(1 .3 8 ) w il l  not be stable# I t  fo llo w s , th ere fo re , w ith a wide 
range o f p h ysica l s itu a t io n s  the f in a l  s t a b i l i t y  s ta te  w il l  comprise 
of a s in g le  r o l l  alone, having a d e f in ite  wave number.
A greater a n a ly s is  of th e  equations, when Ra i s  ju st above 
Racr, rev ea ls  th a t i f  the lin ea r  growth ra te  Y, o f the f i r s t  r o l l  
i s  more than tw ice the growth ra te  Y2 o f the second r o l l  then in  the  
f in a l  equilibrium  sta te  only the f i r s t  r o l l  w il l  be present. For 
the con d ition  w ith ^ ^ zL \^  then the so lu tio n s  o f ( 1, 35) and
(1 ,36 ) are lo c a l ly  sta b le  and whether the f in a l  s ta te  i s  e ith er  
(1 ,35) or (1 .3 6 ) w il l  depend on the boundary conditions# In  thermal 
convection problems w ith Ra ju st greater than Racr and the in s t a b i l i t y  
o f both primary r o l l s  with ^ ^  O one of th e two r o l l s  w il l  
n e c essa r ily  decay. This a fford s an explanation  why fo r  small Ra-Racr, 
out o f  a whole range of unstable d istu rbances, th at only one s in g le  
wavelength k; i s  observed. However, a more general approach and 
explanation o f the mechanism of th e s e le c t io n  of a s in g le  preferred  
wave number from a whole spectrum o f unstable wave numbers fo r  Ra Racr 
i s  g iven  by Ponomarenko (1968).
A ro le  o f fundamental importance i s  the in v e s t ig a tio n  o f the
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s t a b i l i t y  of the d iffe re n t steady so lu tio n s  o f the non-linear  
Boussinesq equations fo r  Ra'^.Racr* One o f the most complete 
in v e s t ig a tio n s  was conducted hy S ch lu ter, Lortz and Busse ( 1965)#
These authors considered a l l  the steady s ta te  so lu tio n s  which a r ise  
from sm all perturbations o f equation ( I . 30 ) at value ju st above 
the su p e r c r it ic a l value o f  the R ayleigh number and in v estig a ted  
th e s t a b i l i t y  of the f in i t e  amplitude c e llu la r  motions obtained*
The fo llo w in g  important conclusion  was derived: that a l l  the c e llu la r  
so lu t io n s , w ith the exception  o f the sim plest two dimensional 
r o l l s ,  which correspond to  N » 1 in  ( I . 30) are cer ta in ly  un stab le. 
However, fo r  the exceptional case o f the r o l l s  with a given
ti
h orizonta l wave number k Schluter et a l showed that they are sta b le  
to  a l l  in f in ite s im a l disturbances w ith  same wave number k i f  only  
t h i s  wave number belongs to  the band o f unstable wave numbers,
i<
F in a lly , Schluter et a l in v estig a ted  the s t a b i l i t y  of two dimensional 
r o l l s  o f  f i n i t e  amplitude to  in f in ite s im a l perturbations o f horizontal 
wave number k ^  k. They found that when Ra -  Racr i s  small enough 
the r o l l s  w ith wav e number k ^  k cr, where kcr i s  the wave number 
of the in f in ite s im a l perturbation which i s  n eu tra lly  sta b le  at Racr, 
cannot be stab le  to  disturbances w ith arb itrary  wave numbers.
However, i f  k i s  greater than kcr and k -  kcr i s  small enough of 
the order o f Ra -  Rcr the r o l l s  w ith wave number k are sta b le  with  
respect to  a l l  p ossib le  in f in ite s im a l perturbations. The f u l l  range 
of the sta b le  two dimensional r o l l s  for  small enough values o f the  
d ifferen ce  Ra -  Racr> o found by the authors i s  i l lu s tr a te d  in  the  
figu re  ( l a ) .  Sch lu ter, Lortz and Busse obtained th e ir  r e s u lt s  by 
an expansion procedure in  powers of a small parameter €  and are v a lid  
only fo r  Rayleigh numbers in  the region  o f the c r i t i c a l  va lu e . The 
general s t a b i l i t y  an a ly sis  fo r  so lu tio n s  o f Boussinesq equations for
i l
higher R ayleigh numbers i s  very com plicated to  carry out. But in  
the p a rticu la r  case o f in f in i t e  Prandtl number the Boussinesq  
equations are considerably s im p lif ie d , and the s t a b i l i t y  problem 
i s  p o ss ib le  to  analyse m athm etically.
Employing numerical methods. Busse ( 1967 ) computed steady  
so lu tio n s  o f the Boussinesq equations w ith  Prandtl number approaching 
very large values in  the form of r o l l s  fo r  a wide range o f R ayleigh  
numbers and in v estig a ted  the s t a b i l i t y  o f th e so lu tio n s  obtained w ith  
the aid o f lin ea r  s t a b i l i t y  theory. He found th at s ta b le  r o l l s  are 
represented by a narrow elongated reg ion  on the (Ra, k.) p lane. The 
range o f  s ta b le  wave numbers fo r  a l l  R ayleigh numbers below 22, 600 
i s  r e s tr ic te d  to  a small band, which i s  almost independent of the  
value o f Ra, surrounding k cr . At Ra » 22 6OO a l l  two dim ensional 
so lu tio n s  o f the Boussinesq equations, subject to  th e  condition  Prandtl 
number i s  equal to  in f in i t y ,  becomes unstable see fig u re  ( ib ) .  There 
i s  agreement that the value o f 22 600 i s  the same order o f magnitude 
as the value o f the Rayleigh number at which the second d isc re te  
tr a n s it io n  in  c e llu la r  convection was observed experim entally .
The foregoing  theory always p red icts  th at the only s ta b le  form 
of in f in i t e  amplitude c e llu la r  convection i s  in  the form of two 
dimension r o l l s .  However, another form which the convection may take
I
i s  the form o f regular hexagonal Benard c e l l s .  The explanation  
why the theory does not pred ict the la t t e r  form o f convection , i s  
th at other terms gen era lly  neglected  in  the Boussinesq approximation 
play a dominating ro le  in  p r a c tic a l experim ents. Palm ( 1960 )
was the f i r s t  to  point out th at the usual Boussinesq equations fo r  
free  convection  do not afford  a mathmetical explanation  o f the  
fundamental phenomena of hexagonal c e l lu la r  convections. Experiments
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S ta b ility  region  of r o l l s  for a wide range 
of Rayleigh numbers with the Prandtl 












conducted by T ippelsk irch  (1956) confirmed that the character of
the c ir c u la tio n  in  the c e l l s  i s  a fu nction  of the dependence of the  
c o e f f ic ie n t  of v is c o s ity  on the temperature. With the condition
( i )  d'y the f lu id  r is e s  in  the centre of the c e l l s  and sinks  
at the edges
( i i )  "TTt  r i s e s  on the edges and sinks at the cen tre.
Palm employed more complicated equations vfcLch a lso  take account of 
the p o ssib le  dependence o f ^  on T, and estim ated the e f fe c t  o f t h is  
dependence on the value o f Racr. A d d ition a lly , he assumed that at the 
i n i t i a l  time th ere arose, in  the f lu id ,  some ’b a sic  disturbance! in  the  
form of a ro ll:, on which i s  then superimposed a weak ’background* of 
various other disturbances of small amplitude w ith the same and most 
unstable value o f the wave-number vector k. In  t h is  instance the fundamental 
r o le  w i l l  be played by "pair in teraction s"  of t h is  b asic  disturbance with  
other secondary order terms. Palm confined h is  a tten tio n  to  the study 
of the evo lu tion  of disturbances with v e r t ic a l  v e lo c ity
1.40
where |  ^  i *1 ^ ^  and ^  ^  1.41
ahd d i s  the depth of the f lu id
Taking the form: :.
^  C l)  1.42
The disturbances with w il l  be linked with the b a sic
disturbance because quadratic combinations o f th ese  d istu rbances, which 
enter in to  the equations of f lu id  mechanics, may once again generate 
terms o f the same form as the b asic  d isturbance. At the commencement 
of h is  study Palm opposed the equation:
^ C l , t i = [a. fe)lo\Vr\^A j f c j t o s i . 4 4
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On the assumption th at the in ter a c tio n  of any disturbances w ith  
the b a sic  one under cer ta in  co n d itio n s, lead to  th e  mutual 
a m p lifica tio n  of both and as a r e su lt  only th ese  w i l l  play an 
important r o le  in  the convective pattern# The boundary conditions  
fo r  s im p lic ity , were se le c te d  as the unreal " free-free"  case#
Then le t t in g  ^ )  a  1.45
Palm then deduced a system of d if f e r e n t ia l  equations fo r  the  
am plitudes Act and Assuming th a t terms o f order which are
higher that the th ird  in  amplitudes may be ignored* The d if f e r e n t ia l  
equations take the form o ft
V K -  1.46
_  X  s ' K . K j -
Where S^are constant c o e f f ic ie n ts  and Y Raci )
The v a r ia tio n  of v is c o s ity  with temperature generates second order 
terms on the r igh t s id e  o f the amplitude equations, whereas with  
d if f e r e n t ia l  equations o f the previous work o f Segel and Stuart 
( 1962): ( 1 . 32 ) and ( 1 . 33 ) only f i r s t  and th ird  order terms su?e
present# In  the steady s ta te  d if fe r e n t ia l  equations (1#4&) and 
(1#47) w il l  reduce to
which i s  the condition  for  the formation of hexagonal prism atic  
c e lls#  Furthermore, Palm showed th at for  o  only s o lu t io n s ,'
subject to  t h i s  co n d itio n , w i l l  be sta b le  fo r  small perturbations  
of the resp ec tiv e  amplitudes  ̂ ^ 2. thetim e parameter
approaches large values 3 1̂ 2.  a lso  be the only acceptable
so lu tions#
Further extensions and m od ification s were carried  out on Palm’ s 
theory by th e fo llo w in g  workers: Segal and Stuart ( 1962) ,  Palm
£1
and(j)ianii ( 1964) ,  Segal ( 1964) ,  Busse (1967)* Palm,
E llin g sen  and Gjevik (196?) and Davis and Segal ( 1968) .
The fo llo w in g  conclusions o f Palm’ s o r ig in a l work were found to  he 
incorrect*  the so lu t io n s  o f  ( 1 . 4 6 ) ,  (l*47) and ( I . 48 ) are s ta b le  
fo r , in  f a c t ,  only va lu es o f Ra -  Racr th at are not too large; Ra 
w i l l  be sm aller than some va lu e , say, Ra,where Râ "̂  Racr which in  
turn depends on th e "scale" ^*of the v a r ia tio n  o f v is c o s ity .
Furthermore, when ^  then fo r  a small range o f su b sta n tia l
va lu es o f Ra when where Racr -  Rao i s  o f the order
o f hexagonal steady motions of f in i t e  amplitude w i l l  e x i s t ,  which 
are also  sta b le  to  in f in ite s im a l perturbations. Hence, the hexagonal 
convection c e l l s  are s ta b le  to  a l l  in f in ite s im a l perturbations w ith  
the same h orizon ta l wave numbers in  the reinge Roco ^%cv^%,,of Ra values; 
fo r  Ra ^  Ra, th e  only s ta b le  so lu tio n  o f amplitude equations i s  that 
which corresponds to  a convection pattern  in  the form o f two dim ensional 
r o lls#  Furthermore, the r o l l s  are sta b le  to  a l l  in f in ite s im a l  
disturbances not only for Ra>Ra, but fo r  a wider range Ra >  Ra^ 
where R acr>Ra^> Ra, A ll other forms o f  convection  pattern  are 
cer ta in ly  un stab le; hence fo r  Roco ^  Rev ^  3. only hexagons
are s ta b le , fo r  both hexagons and r o l l s  are s ta b le ,
and fo r  Ra>Ra, only r o l l s  are stable# When the Rayleigh number Ra 
i s  slow ly increased  the convection  pattern  commences growing at Racr 
and takes the form o f stab le  hexagonal c e l l s .  At Ra = Ra, the hexagonal 
convection pattern  becomes unstable and transform s in to  r o l l s ,  which 
are the only stab le  form at high Ra. With decreasing Rayleigh numbers 
the tr a n s it io n  from r o l l s  to  hexagons occurs at Ra = Ra^ when the r o l l s  
become u n stab le , and the convection decays a f te r  Ra = Rao has been 
passed . Thus, when th e  R a y le i^  number i n i t i a l l y  in creases slow ly  
and then  decreases slow ly a h y s te r e s is  e f f e c t  occurs# However, as
<5 '-^ o  th is  causes the v is c o s ity  v a r ia tio n s  to  disappear and a l l  the  
va lu es of cv*vcL 2̂  approach the value o f Racr; the r e s u lt s
It
then become id e n t ic a l w ith those of S ch lu ter, Lortz and Busse.
The in flu en ce  o f v is c o s ity  v a r ia tio n  was obtained by Segel ( 1965) for
a model where "free-free"  boundary con d ition s were employed# Later
Pah; E llin g sen  and Gjevik ( 1967) considered a l l  types of p o ss ib le
boundary conditions with permutations of r ig id  and fr e e  planes# They
ca lcu la ted  a l l  the c r i t i c a l  values u.kcI for th ese
cases# However, important work was conducted by Busse in  I962 and
published in  1967 see Busse ( 1967)* The method adopted by the author
was a parametric expansion technique and accounted fo r  not only the
s l i ^ t  v a r ia tio n  of v is c o s ity  w ith tem perature, but o f the thermal
con d u ctiv ity , the s p e c if ic  heat at constant pressure and the thermal
expansion c o e ffic ien t#  He concluded that a l l  the e f f e c t s  considered
im plied some s t a b i l i t y  s itu ation #  Davis and Segel ( 1968) showed for
a f lu id  having independent p ro p er tie s , the hexagonal c e l l  w il l
appear fo r  Ra s u f f ic ie n t ly  c lo se  to  Racr, provided the boundary
condition  at the free  upper surface allow s fo r  i t s  deform ation,
( 57 ) Ponomarenko ( 1968) produced a very general approach to  the problem 
of e s ta b lish in g  hexagonal convection c e lls#  He did not employ a 
s p e c if ic  form of dynamic equation, but concentrated on a dominant 
r o le  which i s  played by the second order terms o f the right hand s id e  
of the amplitude equations# The method employs the feature th at these  
terms disappear for constant f lu id  p ro p erties  and they make the 
equation for  the amplitude of an iso la te d  disturbance d iffe re n t from 
the Landau equation ( 1 . 2 5 ) .
Busse ( 1972) in v estig a ted  the in s t a b i l i t y  of convection  
r o l l s  in  a f lu id  layer heated from below having s tr e s s  free  boundaries,
for  small Prandtl number# I t  i s  proposed th at the two dim ensional 
r o l l s  which are i n i t i a l l y  se t  up become unstable to  o s c i l la to r y  
th ree dimension disturbances when the amplitude o f convective motion 
exceed  a p a rticu la r  c r i t i c a l  value# I t  i s  proposed th at the  
in s t a b i l i t y  corresponds to  the generation o f v e r t ic a l  v o r t ic ity  
a mechanism which w il l  operate in  the case o f  a v a r ie ty  o f r o l l - l ik e  
m otions.
The in s t a b i l i t y  can m anifest i t s e l f  as wave tr a v e ll in g  in
e ith e r  d ir e c t io n  along the a x is  o f the r o l l s  or as a standing wave#
The period of o s c i l la t io n s  g iven  in  u n its  of -ÂT— i s
I,— % I
The phenomenological p icture of th is  type o f in s t a b i l i t y  compares 
w ell with the d e ta iled  observations by severa l workers of the o s c i l la t io n s  
of convection r o l l s  in  a layer of air# However, the authors s tr e s s  
the point that the o s c i l la t io n s  occur e s s e n t ia l ly  independently of 
depth which i s  a contrad iction  to  e a r lie r  th e o r e t ic a l exp lanations.
Busse ( 1972) a lso  s ta te s  the value o f i t s  sm aller Prandtl number 
convection in  mercury would probably afford a b e tter  opportunity for  
q u an tita tive  comparison w ith theory.
An important featu re of the preceding a n a ly s is  i s  that the  
o s c il la to r y  in s t a b i l i t y  of r o l l s  i s  caused s o le ly  by the a ction  of 
hydrodynamic advection terms in  the equations o f motion. The mechanism 
of in s t a b i l i t y  i s  thus independent of the r e le a se  of g ra v ita tio n a l  
energy which produces the convection of th e r o l l s .  The reason given  
i s  that any f ie ld  of two dim ension^vortices in  the form o f r o l l s  can 
become unstable by the same mechanism of in s t a b i l i t y .  The o s c i l la to r y  
in s t a b i l i t y  of convection r o l l s  i s  re la ted  at le a s t  phenom enologically  
to  the non axisymmetric in s t a b i l i t y  o f Taylor v o r tic e s  between concentric  
cy lin d ers ro ta tin g  at d iffe re n t speeds.
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(59)A number o f  observers, in  p a r ticu la r , ' Deardoff and 
W illis  ( 1965) ,  Rossby H.T. ( 1969) ,  Krishna-Mutri (1970),
Busse and Whitehead (l974) and A hlers (1974), have a lso  
noted th at beyond a p a rticu la r  Rayleigh number the convection flow  
i s  no longer steady. However, a number of problems a r ise  w ith  
th is  phenomena. Krishna-Mutri I 1970) a sse r ts  th at fo r  Prandtl 
number of the order o f 50 the c r i t i c a l  Rayleigh number approaches 
a constant value; but t h is  fa c t i s  not in  agreement w ith the fin d in g s  
o f Busse and Whitehead (1974)*
Experimental work has been carried out w ith liq u id  helium , 
by A hlers (1974)* He measured the t o t a l  f lu x  in  a convection  
experiment and found there was a defined jump from steady flow  to  
an unsteady flow  with irregu lar  time dependence. In  a d d itio n , the  
white n o ise  spectrum described by Ahlers (l974) may be the r e su lt  
of small reg ion s of h o t/co ld  f lu id  in  the la y er . They o r ig in a te  
e f f e c t iv e ly  in  two thermal boundary layers c lo se  to  each r ig id  
h orizon ta l boundary where the temperature gradient experiences the 
grea test deformation under extreme conditions observed in  the 
turbulent area. The sporadic and random so c a lle d  ’therm als' move 
rap id ly  throughout the c e l l ,  carrying a d isc r e te  amount o f heat 
energy which i s  re leased  at the upper thermode.
There are severa l th eo r ie s  which have been proposed to  account 
for  th is  phenomena. The f i r s t  theory proposed by ' Rossby (l9&9) 
was an adaption o f a large Rayleigh number theory developed by 
Howard (1963)* Consider an instan t of time say t  = o, convection  
w il l  have made the v e r t ic a l  temperature f i e l d  uniform throughout 
the la y er , however, not including two th in  boundary la y ers  adjacent 
to  the h orizon ta l boundaries. Now le t  T̂  be the ’uniform ’ 
temperature disturbance and T̂  be the temperature o f the lower
n
in ter fa ce ; le t  > T, The d if fu s iv e  boundary layer that w i l l  
be in i t ia te d  at each in ter fa c e  w il l  have a width of “ '^ tx
where t c  rep resen ts some c h a r a c ter is tic  in te r v a l. The temperature 
d ifferen ce  across the boundary layer w i l l  be "T, — The uniform
temperature d ifferen ce  i t s e l f  w i l l  become unstable i f
and convection w i l l  be developed in  the boundary layer . This 
r e s u lt s  in  a ' sudden' in s t a b i l i t y  as convection tends to  increase  
the th ick n ess o f the la y er , which w i l l  increase growth r a te . Now a 
'therm al' o f temperature moves upward from the lower in ter fa ce
through the uniform temperature d is tr ib u tio n  "T̂  I t s  momentum w il l  
destroy the boundary layer and the f lu id  w i l l  regain  i t s  i n i t i a l  
con figu ration . This momentum w il l  generate an o s c i l la t io n  o f mean 
period 'V which i s  of the order of the time delay required to  bu ild  
a new boundary layer and i s  given by
( X T )  I 1.50
from which we have:
T  -  1.51
This power dependence given  by ( I . 5 1 ) i s  in  good agreement w ith  
the experim ental r e s u lt s  o f Rossby ( 1969) .
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The second approach was proposed by Welander ( 1967) .
He considered a temperature flu c tu a tio n  which i s  convected by the 
flow . To a f i r s t  order approximation the temperature f lu c tu a tio n  
w il l  ro ta te  w ith in  the r o l l  w ith an average period which i s  
approximately proportional to  the convective time delay imposed by 
the v e lo c ity  f i e l d .  The temperature perturbation w i l l  have a 
v e lo c ity  sm aller when moving downwards than the convective flow  
v e lo c ity  and the converse when moving upwards. Hence, the perturbation  
w i l l ,  on balance, become greater on each ro ta tio n ; however the process  
i s  a lso  counteracted by heat and v o r t ic ity  d if fu s io n .
In  the high Prandtl number lim it Krishna-Murti has observed 
o s c i l la t io n s  o f the convection pattern  which are s im ilar  in  nature to  
the f lu c tu a tio n s  predicted  by Welander. However, W illis  and
Deardoff (19?0) s ta te  there i s  no fundamental d ifferen ce  between 
the flu c tu a tio n s  in  liq u id s  o f high Prandtl number e .g .  s i l i c o n e  
o i l  P  . ^  and a ir ,  having a Prandtl number o f P  0*"l
In ad d ition , they studied the temperature f lu c tu a tio n s  at low Prardtl 
number and have shown th at the o s c i l la t io n s  are independent of the 
depth. The measurements of Busse and Whitehead (1974) w ith large  
Prandtl number were as fo llo w s; they f i r s t  observed an o s c il la to r y  
in s t a b i l i t y  whose general structure c lo se ly  resem bles the low Prandtl 
number case and they a lso  observed that when the o s c i l la t io n s  
exceeded some le v e l  a tr a n s it io n  occurred to  a more irregu lar  phenomenon 
which they termed 'spoke p a ttern '. The recent r e s u lt s  o f Clever
and Busse (1974) are important. In th e ir  comparison o f an in f in i t e  
array o f two-dim ensional p a r a lle l r o l l s  to  in f in ite s im a l time 
dependent perturbations above a c r i t i c a l  Rayleigh number they have 
proposed a number of in s t a b i l i t i e s .  The two important ones a re:—
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( i )  The Zig-Zag I n s ta b il i ty
I t  has a sp ec ia l p e r io d ic ity  to  the primary r o l l  p attern  and 
along the x a x is . I t  a lso  has a non-vanishing wave number component b 
along the y d irec tio n  which i s  perpendicular to the primary stru ctu re .
The growth ra te  and p e r io d ic ity  b o f t h is  in s t a b i l i t y  van ishes at
2
le a s t  as b w ith vanishing b. Hence, t h is  in s t a b i l i t y  tends to  reduce 
the e f f e c t iv e  wavelength of the r o l l s  and rep resen ts a sm all s h if t  in  
the r o l l  p attern  in  the y d ir e c t io n .
( i i )  The o s c il la to r y  in s t a b i l i t y
This in s t a b i l i t y  has sim ilar  fea tu res  the previous in s t a b i l i t y ,  
however, i t  corresponds to a bending o f the primary r o l l s  that 
propogate w ith time along the r o l l  a x is .
Another approach was that o f Saltzmann ( 1962) ;  the
Boussinesq equations were replaced by a truncated s e t .  He employed 
boundary conditions which were s tr e s s - fr e e  and considered only a two 
dim ensional r o l l  pattern . The stream fu n ction  and the temperature 
perturbation  take the form of:
where cv = -----
TT
e ,  =  :z-
Hence only three modes are reta ined  (a) v e lo c ity  p o te n tia l and a 
temperature mode with a fundamental c e llu la r  wave number (b) a 
second temperature mode a second harmonic in  z that has no h orizon ta l 
p e r io d ic ity  and that contribu tes to  the v e r t ic a l mean flow .
S u b stitu tio n  in to  ( 1 . 52) and (1 .53 ) in to  the Boussinesq equation y ie ld s
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1.55
=  X ^  — b *2_  1 .56
where ^  — R e v —  ̂ \o  =  4"
R acp* ' -+cx^
The time has heen made dim ensionless w ith the sca le  which i s  the 
mean d if fu s io n  time o f a temperature flu c tu a tio n  across a c e l l .
The only non-linear terms which have heen reta ined  in  the model 
a r ise  from the in e r t ia l  term in  the heat equation. The in e r t ia l  
term in  the N avier-Stokes equation has a lso  heen ignored; t h is  w il l  
n atu ra lly  r e s t r ic t  the consideration  to  in f in i t e ly  large Prandtl 
number f i e ld s  i . e .  9 having a non-dimensional v e lo c ity  not of 
the same order as the Prandtl number. With liq u id  m etals such as 
mercury and gallium  they are on the boundary o f a p p lic a b ility .
S ection  ( i i i )
C rystal Growth Problems and A pplications
The study o f natural convection o f enclosed f lu id ,  subjected  
to  a h orizon ta l temperature grad ien t, has focused considerable  
a tten tio n . The m ajority o f the work has been centred on geometry 
with a large aspect r a t io . Batchelor (l954) in v e stig a te d ,
t h e o r e c t ic a lly , the conduction dominated and tr a n s it io n  areas.
Further work carried out by Elder (1965)» experim entally ,
in v estig a ted  the laminar boundary layer region  and reported the  
ex isten ce  of secondary and te r t ia r y  flow s before the commencement 
of turbulence in  boundary la y ers . The s t a b i l i t y  o f the flow  has been 
in v estig a ted  by G ill ( 1966);  G ill  and Davey ( 1969) and
(7 3 )more e sp e c ia lly  the heat tran sfer  c h a r a c te r is t ic s  by Newel and 
Schmidt (l970)*  The work has shed considerable l ig h t  on the fea tu res  
of in tern a l natural convection w ith imposed temperature grad ients  
for  large aspect r a t io s .
Workers in  the f i e ld  o f c ry sta l growth have brought to  l ig h t  a 
complementary s ta b i l i ty  problem, which occurs in  th e  melt from which 
c r y s ta ls  are grown. The problem i s  centred upon in tern a l natural 
convection, due to  an imposed h orizonta l temperature d ifferen ce ;  
however, having aspect r a t io s  which in  some cases are l e s s  than u n ity .
Turning now to  the production o f c r y s ta ls . There are e s s e n t ia l ly  
three general methods fo r  melt growth, the h or izon ta l normal fr e ez e , 
zone m elting and Czochralski technique. The method which w i l l  
in te r e s t  us here i s  the zone m elting technique. Employing t h is  
technique, the m aterial i s  contained in  a h orizon ta l rectangular  
box w ith dimensions 100 mm in  length 30 or 20 mm in  width and h e ig h t. 
The m aterial c r y s ta ll iz e s  out p r e fe r e n tia lly  at one end o f the melt 
due to  an imposed temperature gradient. I f  c r y s ta ls  are grown from
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m elts Other than pure elem ents, s tr ia t io n s  are o ften  observed in  
the c r y s ta ls  at r ig h t angles to  the growth a x is . Ueda ( 1961)
reported th e ex isten ce  o f r e s is t iv e  s tr ia t io n s  in  melt-grown c r y s ta ls  
and showed th at the s tr ia t io n  repeat d istan ce  i s  a fu n ction  o f the
(75 )temperature c ry s ta l growth. Further workers ' Cole and Winegard
( 1965)» Utech and Fleming ( 1966) and Hurle ( 1966) demonstrated,
th at there i s  a strong co rre la tio n  between s tr ia t io n s  in  c r y s ta ls  and 
temperature f lu c tu a tio n s  in  the m elt. Temperature o s c i l la t io n s  in  
mercury were f i r s t  observed by Bradshaw ( 1966) and reported by
Pamplin ( 1967) .  Furthermore, Hurle ( 1966) has demonstrated, 
under su ita b le  c o n stra in ts , the temperature flu c tu a tio n s  are s in u so d ia l 
o s c i l la t io n s  which can p e r s is t  fo r  long periods o f tim e. Hurle has 
suggested th at the o s c i l la t io n s  are an example o f the phenomenon of  
o v e r s ta b ility  which i s  d iscussed  fu l ly  by Chandrasekhar ( 1961) .  Hurle
( 1966) and Utech and Fleming ( 1966) showed that the o s c i l la t io n s  can 
be damped by a tran sverse magnetic f i e ld  and t h is  im p lies  that the 
o s c i l la t io n s  are hydrodynamic in  character, rather than the early  
observations which ascribed the process as the p er iod ic  re lea se  of 
la te n t heat o f fu sio n  during s o l id i f ic a t io n .
Further work has a lso  been conducted to  gain a f u l le r  in sig h t  
in to  th e understanding of the nature of the o s c i l la t io n s .  Hurle ( 1966 ) 
concluded, from employing liq u id  gallium  as a working f lu id ,  that a 
c r i t i c a l  h orizon ta l temperature i s  a p rereq u isite  for  in i t ia t in g  
o s c i l la t io n s .  Furthermore, the temperature decreased w ith increasin g  
boat length  andfrequency of the o s c i l la t io n s  a lso  decreased .
Johnson ( 1967) ,  u sing  liq u id  gallium  as w e ll ,  found th at the frequency 
of the o s c i l la t io n s  was proportional to  one quarter power o f the depth. 
Also the c r i t i c a l  teraperaturetby su ita b le  experim ental in v e s t ig a tio n s ,
increased  as the square o f the Hartmann number on the a p p lica tio n  
of a tran sverse  magnetic f i e ld .  Further work was a lso  conducted 
on the mean temperature f ie ld ;  however, any co rre la tio n  w ith the  
o s c i l la t io n s  was not recorded. Bradshaw ( 1966) was able to  show 
th at thermo s o lu ta l in s t a b i l i t y  did  not e f f e c t  the o s c i l la t io n s ,  
by varying the pu rity  o f mercury. He a lso  found by sev erely  reducing  
the width or boat length  the o s c i l la t io n s  could be elim in ated .
This fea tu re  has been confirmed te n ta t iv e ly  by G ill (1974)•
When the r a tio  o f the width to  the depth i s  equal to  O.5 8 , both the  
Rayleigh number and th e th e o r e t ic a l frequency becomes in f in i t e .
Therefore, o s c i l la t io n s  are not p o ss ib le  i f  the r a tio  i s  le s s  than O.58 .
Skafel ( 1972) conducted the m ajority o f h is  experim ents 
with an annulus subjected to  a ra d ia l heat flow . He measured the  
mean temperature p r o f i le s  and the power spectra o f o s c i l la t io n s  
ju st above th resh o ld . S p atia l co rre la tio n  mea^surements suggested  
the ex isten ce  of a progressive wave in  the azimuthal d ir e c t io n .  
Observations of the mean temperature p r o f i le s  in  the annulus, at 
c r i t ic a l  temperature grad ien ts, see Skafel*s tab le  ( 1) ,  the frequency 
varied , in v erse ly  with the depth.
^Hirle e t a l ( 1974) had studied  convection in  a rectangular  
box geometry contain ing molten gallium . This paper rep resen ts a 
comprehensive review o f th e phenomenon. From measurements of the  
frequency o f the o s c i l la t io n s  in  depth ranges 5 to  6 mm and9 to  
13*5 nan. They had concluded that the period of the o s c i l la t io n s  was 
e s s e n t ia l ly  constant; however, there was a marked dépendance o f the  
frequency of the o s c i l la t io n s  on th e  boat len gth  for length^ in  the 
range 20 to  40 mm. The aspect r a t io  was varied  between 0.21 to  0 .5 2 ,  
Work was a lso  conducted on the dépendance o f the c r i t i c a l  temperature 
on the a p p lica tio n  of a transverse magnetic f i e ld .  Bolt (l9T5) also
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carried  out experiments in  a box geometry system w ith mercury as 
the working f lu id ;  however, w ith very small aspect r a t io s  in  the 
range 0.052 to  O.O8 1 . He concluded for  depths ranging from 5 to  8 mm 
the frequency o f the o s c i l la t io n s  was proportional to  the depth.
T his sec tio n  o f the study i s  only a q u a n tita tiv e  assessment of 
the various author's f in d in g s . At a la te r  juncture a q u a lita t iv e  
assessm ent o f both the th e o r e t ic a l and a l l  the experim ental r e s u lt s  
w il l  be conducted.
The knowledge of the flow  regime in  annuli and s lo t s  o f sim ilar  
Rayleigh numbers, but with aspect r a t io s  in  the region  o f un ity  or 
greater have been in v estig a ted  th e o r e t ic a lly ;  in  p a rticu lar  the s lo t  
problem by Elder ( 1965) and the annular problem by Thomas
( 1970) .
Thomas employing numerical models obtained the fo llo w in g  flow  
c h a r a c te r is t ic s :
(a) Rayleigh Number ^  4 -0  0  = Conduction region
Aspect r a tio
(b) Rayleigh Number ^  3  0 0 0 0 =  Boundary layer region
Aspect r a t io
However, i f  h i s  greater than 5 the r e s u lt s  are weakly dependent on 
the Prandtl number.
For an aspect r a tio  of 1; the fo llow in g  c r i t e r ia  are more relevan t:
(a) Rayleigh number ^  %0 0 o  = Conduction region
(b) Rayleigh number >  % 0 0  0  = Boundary layer region
Thus for  motion to  be in i t ia t e d  and m aintained, in  a low aspect
r a t io  ca v ity  a higher Rayleigh number i s  always necessary.
Elder has confirmed experim entally fo r  an aspect r a t io  greater  
or equal to  u n ity  and for  a Rayleigh number le s s  than 1000 the v e r t ic a l  
temperature gradient i s  zero . However, in  the in ter v a l of a Rayleigh
number greater than a 1000 but le s s  than 100,000 there are larger  
temperature gradients in  the proxim ity o f the v e r t ic a l  w a lls  and 
the flow  away from the horizontal boundaries i s  concentrated mainly 
In the v e r t ic a l  boundary layers*
The in te r io r  has no e f fe c t iv e  motion and i s  coupled w ith a 
p o s it iv e  v e r t ic a l  temperature gradient having a constant value away 
from the h orizon ta l boundaries for an aspect r a tio  greater than u n ity . 
In  the reg ion  o f a Rayleigh number of 100,000 secondary motion i s  
induced^, and the flow f ie ld  remains laminar to  a Rayleigh number of 
a very high order. The onset of turbulence i s  a fu n ction  o f the aspect 
r a tio  commencing at a lower Rayleigh number for  larger  aspect r a t io s .
In con clu sion , no reports of the regular temporal o s c i l la t io n s  have 
been recorded fo r  aspect r a t io s  greater than or equal to  u n ity .
CHAPTER I I
Chapter I I  
S ection  ( i )
In trod u ction  to  B asic State
The g en esis  of the theory l i e s  in  the p ioneering work o f
/ Q/\
Hadley (1735) who proposed a s in g le  c e l l ,  therm ally d irect  
driven zon a lly  symmetric model o f the general c ir c u la tio n  o f the  
earth; such region s o f c ir c u la tio n  are now c a lle d  Hadley c ir c u la t io n s .
Hart ( 1972) in  h is  paper "s t a b i l i t y  of th in  non-rotating  
Hadley c ircu la tion s"  considered a simple p a r a lle l  flow  model w ith a 
small aspect r a t io . The Hadley c ir c u la tio n  was contained in  a two 
dim ensional box with r ig id  h orizon ta l boundaries maintained at a 
temperature which increased lin e a r ly  w ith the h orizon ta l coordinate. 
The small aspect r a tio  im plied th at the v e r t ic a l  v e lo c i t ie s  were 
concentrated in  narrow region s near the ends.
In  the b a sic  flow  s ta te  several modes o f  energy tra n sfer  to  and 
from the mean k in e t ic  and p o ten tia l en erg ies were able to  occur.
The transverse d isturbances, w ith symmetry normal to  the shear v ecto r , 
were always more unstable than the h orizon ta l d istu rbances, w ith  
symmetry p a r a lle l tb the shear vector . Hart obtained exact so lu tio n s  
fo r  the neutral s t a b i l i t y  curves as a fu n ction  o f the Prandtl number.
G ill  ( 1974) ,  using  the work o f Hart as a foundation, derived  
a model fo r  the explanation o f thermal o s c i l la t io n s  created  
spontaneously in  a cry sta l growth m elt. The referen ce frame 
considered was a r igh t handed C artesian system w ith  the x a x is  
p oin tin g  in  the d irec tio n  of an in creasin g  h orizon ta l temperature 
grad ient. The f lu id  was constrained between two boundaries s itu a ted  at 
a d istan ce  d apart.
The mechanism of the b a sic  s ta te  could be described as fo llow s:  
the h orizon ta l buoyancy gradient generated a v o r t ic ity  lead ing to  a
shear s tr a in ;  th e  v e lo c it y  generated  was a fu n c tio n  o f  z a lo n e .
Then th e end e f f e c t s  could he ignored  fo r  a c a v ity  whose depth was 
sm all as compared w ith  i t s  le n g th , i . e .  a sm all a sp ect r a t io .  The 
b a s ic  flow  p a ttern  was a s in g le  co n v ectiv e  r o l l .  Then th e  v e lo c i t y  
and tem perature p ertu rb ation  was superimposed on th e b a s ic  f lo w ,  
su b ject to  th e  co n stra in t =- O
Prom a complex p o te n t ia l  uu -  + was d e fin ed  a two 
v a r ia b le  stream  fu n c tio n , namely
A p p lication  of three hydrodynamic equations: x component of 
momentum, v o r t ic ity  equation, coupled w ith the temperature equation  
and^eightV»order d if fe r e n t ia l  equation expressed in  terms o f the stream
A
fu nction  was derived . Then the êighiK order d if f e r e n t ia l  equation was 
made non-dimensional by the in trod uction  o f non-dim ensional v a lu es , 
the Prandtl and the Rayleigh numbers. An expression  for  the con d ition  
of marginal s t a b i l i t y  was determined. With e ith e r  o f the boundaries 
of r ig id  or fr e e  conducting, o s c il la to r y  in s t a b i l i t y  was only p o ssib le  
for a Prandtl number le s s  than 3» F in a lly , an expression  for  the  
frequency o f o s c i l la t io n  was derived .
G ill  concluded th a t the o s c i l l a t io n s  were p rim arily  lo n g itu d in a l  
in  nature and coujd be exp la in ed  in  terms o f  a d if fu s io n  dominated 
in v is c id  model. C onsidering now th e  e s s e n t ia l  fe a tu r e s  o f  exp la n a tio n  
o f the o s c i l l a t i o n s .  I f  a sim ple r o l l  co n v ectio n  c e l l  i s  en v isaged , 
th en  the p lane z w i l l  l i e  between f lu id  la y e r s  w ith  opposing d ir e c t io n s  
d ir e c t io n s  o f  movement along th e x a x is .  However, m olecular d if fu s io n  
w i l l  occur a cro ss  t h i s  p lan e, fo r  liq u id a  o f low P randtl number i t  w i l l  
be almost in sta n ta n e o u s . The x momentum of th e  m o lecu les w i l l  be 
conserved and a p ertu rb ation  v e lo c i t y  i s  superimposed in  o p p o sit io n  
to  th e main co n v ectiv e  flow  and t h i s  ad v ectio n  induces a corresponding  
tem perature p ertu rb ation . The p a r t ic le s  are at t h e ir  minimum tem perature
38
when at th e ir  maximiam elevation* whence the r e s to r in g  force i s  a 
maximum at t h is  depth. Now the f lu id  i s  a f f e c t iv e ly  in v isc id  and 
simple harmonic motion i s  the r e s u lt .  The o v era ll pattern  i s  
shown e x p l ic i t ly  in  G i l l ’ s diagram o f a v e r t ic a l  sec tio n  through 
the f lu id  transverse to  the imposed temperature grad ient.
^ - 2-, 1 - z - ,z:..-
S u ccessive p o s itio n s  (th ic k  lin e ) of the p a r t ic le s  undergoing 
o s c i l la t io n s .  Their equilibrium  p o s it io n  i s  %= Oand the x ax is  
i s  d irected  into  the page. The f lu id  above O i s  moving towards 
the reader and the cold w a ll. The f lu id  below 2_ = C ) i s  moving away 
from the reader
The o s c i l la t io n s  in  the rectangular boat are a fu n ction  o f the r a tio  
of the width to  the depth. His theory pr e d ic ts  a frequency, f , o f 
o s c i l la t io n  of the order of f  = I  _ ± _
However, in  the box geometry which i s  of f i n i t e  dimensions the
G ill  ( 1975)fo llo w in g  con stra in ts  apply
\ aJ( i )  when the ra tio  of the width to  the depth —— i s  le s s  than O.58
cL
both Racr and the frequency becomes in f in i t e
( i i )  i f  the r a tio  o f i s  le s s  than 2 .0  the disturbance wavelength
cL
i s  h a lf  the optimum value and the wavelength i s  se le c te d  by the




( i i i )  i f  i s  greater than the c r i t ic a l  value o f 2 .0  then





S ection  ( i i )
The c y l in d r ic a l  P o lar Model
The geometry o f  th e  system  com prises o f an annulus w ith  a 
tem perature d if fe r e n c e  m aintained between th e  inner and ou ter  
c y l in d r ic a l  su r fa c e s . The tran sform ation  between the c a r te s ia n  and 
c y l in d r ic a l  co o rd in a tes  are th e fo llo w in g  r e la t io n s h ip s :
A ty p ic a l  p o in t P i s  i l lu s t r a t e d  in  
th e  diagram o p p o s ite .
Turning now to  th e c h a r a c te r is t ic s  
o f  the flo w  and u lt im a te ly  equations  
govern ing th e  problem. The r a d ia l  
component p o in ts  in  th e d ir e c t io n  o f  an in c r e a s in g  tem perature 
g ra d ie n t. The h o r iz o n ta l buoyancy, due to  Archimedian f o r c e s ,  w i l l  
gen erate  a y o r t ic i t y  lea d in g  to  r e sp e c t iv e  shear s tr a in s  in  th e  r a d ia l  
and v e r t i c a l  d ir e c t io n s  o f  and U^, and th e  a d vection  by the  
a s so c ia te d  v e lo c i t y  w i l l  generate a v e r t i c a l  tem perature grad ien t T^. 
When th e  asp ect r a t io  i s  sm a ll, fo llo w in g  th e  p a ttern  o f th e  G i l l  
e x p o s it io n , th e  v e r t i c a l  f lo w  w i l l  be concentrated  in  th e  end r e g io n s .  
ITaturally, fo r  th e  th e o r e t ic a l  model, the assum ption i s  th a t i s  
very  much sm aller than Rq , which i s  not alw ays tru e  fo r  th e  p r a c t ic a l  
model. N e v e r th e le ss , i t  i s  p o s s ib le  to  d e r iv e  a p o s it iv e  c o r r e la t io n  
between th eory  and experiment and estim a te  th e  r e g io n , where agreement 
between th eory  and experiment d iverges#
The shear i s  a fu n c tio n  o f both r  and z; hence i t  fo llo w s  th a t  
the v e lo c i t y ,  in  the steady s t a t e ,  w i l l  be ( LL ^ 0 ^ 0 )  whence
the v e lo c i t y  v ecto r  i s  , ^
^  'V +  oA> + o z  2.1
A r ^
where r   ̂ ^ and k are unit vectors in  polar coordinates.
This i s  assuming one convective r o l l .  In the steady sta te  the 
temperature equation i s  given hy:
D T  = u ' l Y
2 . 2
Measurements of horizontal temperature p r o f ile s  have shown that
the h orizon ta l temperature gradient i s  not uniform across a c e l l  len gth .
Hurle et a l (1974) experimented w ith heat flow which was s l ig h t ly  o f f
a x is  hy covering one h a lf of each thermode w ith mica str ip s#  The use
of an o f f  a x is  heat flow was found to  give r is e  to  very stab le  o s c i l la t io n s .
This accounted for  the authors early  experimental success that the
more c a re fu lly  the experiment was se t up the le s s  su ccessfu l were they
in  obtain in g sta b le  o s c i l la t io n s .  They concluded that the b a sic  flow
from fig u re  ( l l )  of th e ir  r e s u lt s ,  was a s in g le  convective loop w ith
liq u id  m etal r is in g  at the hot thermode and flow ing along the boat and
descending at the cold thermode. The curvature of the isotherms in
h orizonta l planes i s  due to in su la tin g  the v e r t ic a l  s id e  w alls  o f the boat.
Also measurements of the horizontal temperature p r o f i le s ,  in  the
annulus see Skafel (l9?2) figu re  12, have shown that the h orizon ta l
A T
temperature gradient to  be larger than —— near the end w a lls , but to  
be approximate^ lin ear  over the cen tra l portion w ith a value sm aller  
than . However, in  our d er iva tion  we sh a ll assume that T̂
i s  a constant. The con tin u ity  equation w i l l  not be s a t is f ie d  e x a c tly , 
however, le t t in g  N y . c  Q  w il l  be a good approximation.
The momentum equation, in  c y lin d r ica l p o la rs , for  the r th  
component w il l  y ie ld :
where V '*l=  ^  ^  ^
-^ 2 ^ -
with the a p p lica tio n  o f  (2 .4 ) (2.3) becomes
2 .4
M
z% -  L L 2 .5
D iffe r e n t ia t in g  p a r t ia l ly  w ith resp ect to  z
k'Z. ^  LLz-2_-Z_~ ^
The ?. i s  the component of the momentum eq u ation :-
O  =  -  p  q  — P 2.7
D iffe r e n t ia t in g  p a r t ia l ly  w ith respect to  r y ie ld s
O  == - 2.8
From (2 .6 )  and (2 .8 ) we obtain*
^ P r  = + U -ZZ2. _ I Ï
f
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2.11
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Whence, from (2*9) ahd ( 2 . 1 l )  the fo llow in g  p a r t ia l  d if fe r e n t ia l  
equation i s  obtained:
2i12
In te g r a t in g  w ith  resp ec t to  z we have:
U-Vi- +  -L U V  +  -  ' l i  =  t t Z :
'  ~. " T  d
2,13
This i s  th e  fundamental p a r tia l d if fe r e n t ia l  equation, o f the flow  
c h a r a c te r is t ic s . The so lu tio n  w i l l  be o f the form:
LL» -  TT using the Ber n o u lli t r i a l  so lu tio n  method
and su b s titu tin g  in to  (2 .1 3 ) g iv es:
ITy^K -TL +  -  T T J l .  4 . - ^ z . z .  = o  2 .1 4
for the kernel so lu tio n
Then transform ing I T p ^  - V - l U t  -  1  4- =
W  7 T
Now le t  .mJH- _  ^2 ( where k i s  a separation
~ constant) 2 .1 6
The so lu tio n  o f (2 ,16) w il l  be of the form:
J L  - P\ S i r \ k . k z .  t  B c o S I t . K ' 2 .  2.17
Now i f  the independent variab le  in  the remainder o f (2 .15) i s  changed 
to  kr , where k i s  the separation  constant, the r e s u lt in g  equation i s
+  v T v  + = o 2.18
with a general so lu tio n  of
TT = C J .  (kir)  + 0 7 , 2.19
where i s  the B essel fu n ction  o f the f i r s t  kind o f order and 
i s  the B esse l fu nction  o f the second kind o f  order 1. From (2.19)  
and (2 . 17) the kernel so lu tio n  w i l l  be
20
Turning now to  the p articu lar  in teg ra l;
Let "D and denote th e  operators i   ̂ i  r e sp e c t iv e ly , th ese
dvr
r e la t io n s  may be expressed as
v D  = 3 )  ^  S ) ( S )  - 0






Expanding by th e  binomial theorem:
«  9  *r 2 "̂  ) I +  ̂I fz -l
I  a. i  2 .2 3
P a r t i c u l a r  i n t e g r a l  = ct ^  ^  V 2 .
The genera l s o lu t io n  w i l l  take  the  form of
2 .2 4
The v a lu es  of k, which are  not n e c e s sa r i ly  in te g e rs  and the  o th e r  
c o n s t r a in t s  w i l l  have to  meet the  requ irem ents  of the  boundary conditions , 
The f l u i d  i s  c o n s t r a in te d  in  the  f i n i t e  space between two 
c o n ce n tr ic  c y l in d e r s  r  = Ro and r  « Hi and th e  p lanes  z_  =  + ^
Then f o r  r i g i d  boundaries ,  which do no t ,  however, s a t i s f y  the  f u l l  
v iscous  c o n d it io n s  the  fo llow ing  c r i t e r i a  w i l l  hold:
LL — O  where r  = Ho or Hi f o r  a l l  va lues  of z
LL O  when sL f o r  a l l  v a lues  of r  such as th a t
%
Ho >  r  >  Hi
Then th e  v e lo c i ty  eq ua tion  i s :
LLsQCg[ L̂ T-Rô L̂ -PÙlZ- ypb (  HilLv̂  isvnL bz
^  l % , i w
2.25
h i
I t  w i l l  vanish, f o r  r  = Ro, and r  = Hi provided
J ,  -  X  I b f t O X  a  o
The r o o t s  of t h i s  equa tion  f i x  th e  p e rm iss ib le  va lu es  of k. 
F i n a l l y ,  i t  van ishes  when L i . ~ o  fo r  2_ =  4; çl_ 
provided
2.26
-  X. tW  1 =  otqTy U-R& \h—RL\ <4- 2.27
4  " 4  ^
The c o e f f i c i e n t  C, can be expressed  in  th e  form of a d e f i n i t ek ■
in t e g r a l .  Thus, i f  we w r ite
U* = , 2.23
T. IkR i) N.lfeRi)
The fo llo w in g  i n t e g r a l  i s  now v a l id :
Ro
.. V li«r fr _  I P L.
2.29
K
IT T  1 4(yb u .*  t  c iv  =. L e t ;
I t  i s  assumed th a t  th e  a r b i t r a r y  fu n c t io n  f ( r )  can be expressed  in  
a s e r i e s  of B esse l-F our1er c o e f f i c i e n t s .
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The f l u i d  w i l l  commence, from r e s t  w ith  a c o n f ig u ra t io n  o f  LL=
- V.O
where M I V A t  = j U , \ . U.%1 2.30
J L R o
Hi
and L i s  a constan t derived  from th e  th eo ry  o f  Lomrael i n t e g r a l s
3 u t l k ^ r 1 =  k  I _ N jJ lf e R o )  1 2.31
T=(io L l . U R v i  x W ^ )  1
and w ith  t r a n s e n d e n ta l  equation  (2 .26) and ( 2 . 31) becomes:
[ i £ r \  = k  (
Then w ith  the  a id  of the  genera l  r e l a t i o n s h ip
.L ( 2 . 32) becomes:
2 .3 2
h ' h ; < R o ^ s .lh R è M .lk R b
2.33
Likewise
I V T A  = 1 +  ______________
1 :1 , Ik  Rib M A f e R O j  '(.Ite.Rlb
Hence i t  fo llow s  from (2.33) and (2.34)
L = 1% -R_______ 2
U . t k R b  M . l b R o i
o r  L _  V l W b  1 2.36
L '^  I % ,(h O ib  N. t t e o i b i J p .
Then C. k
41
L^  1 A ir 2 .3 7
or (-b.= 0 ^ ^  \  y -  Ml lb * b  \  V k x - D o b l ï  “ Rob cL df" 2 .38
? 2 ¥ ^  Jr >  T.lfi.ay')
r  yx \  i H i ^ y  -  M . ' U i - b  T Ÿ °
L  L T.iyRc^ N .l f e C tM  J e t
y ie ld in g  f o r  the  f i n a l  exp ress ion  of th e  fo llow ing  in t e g r a l
f Ho . ^
Ck = M » \ T.lbt-b - NAbbb 1 y tT-RL>lt-RoNci Ar
h c  l l g k C l b - N . t k Q i - U
2 .3 9
where M i s  a constant compounded of numerator and denominator of (2 .39) 
The techn ique  adopted fo llow s the  more d e t a i l e d  trea tm en t g iven  in
Riemann and Rayleigh (1894’)*
The i n i t i a l  s tep  in  c a lc u la t in g  the  value of would he the
e s t im a t io n ,  hy employing t ru n c a ted  B essel and Neumann s e r i e s ,  to  
determ ine the  va lues  of the  s e p a ra t io n  constan t k. These va lues  of 
k w i l l  not n e c e s sa r i ly  he in t e g r a l  in  va lue . T h is  f e a tu r e  i s
in d i r e c t  c o n tra s t  to  a F o u r ie r  s e r i e s .  Hence, th e  v e lo c i ty  w i l l  he
in  th e  form of an i n f i n i t e  s e r i e s  whose c o e f f i c i e n t s  w i l l  he composed 
from F o u r ie r -B e s se l  c o e f f i c i e n t s  and whose term s are  o f  descending 
magnitude.
The r o o ts  of the  B essel fu n c t io n  of o rder  u n i ty  and th e  Neumann
( 91)fu n c t io n  of o rder u n ity  were determined hy M. Mahon*s method
( 1895) .  The S r o o t s ,  in  o rder of magnitude of th e  t r a n s e n d e n t ia l
i â .
equation;
X ï È -  _  ^  = o
1 1 ( 4  2.40
where  ̂ l i s  given hy the fo llow in g  truncated expressions;
It, — S +  k -  4 - +  1 p2> 2.41
where
% =  STT  ̂ p -  m -  1  ̂ a = 4(m -1) - %s) ib
f " '  ^ ( ( - ' )
V" = 3 1  ( m - lb -H  +  M -+ 1q~1 3 b  ( t> ~ and tTl s  4 -  r?"
Now equation ( 2 . 4 0 ) i s  id e n t ic a l to  the tran sen d en tia l equation (2 .2 6 ) .  
The values o f x and^x w il l  he replaced by KR ,̂ and KR ,̂ where 
and R̂  are the resp ectiv e  in tern a l and extern al r a d ii .  Computer 
program number 1 was used to ca lcu la te  th§ appropriate values o f  K.
For 5 d if fe r e n t values of the inner rad iu s. The outer radius was 
f ix e d  at UjO mm. The values are tabulated  in  Table 1 •
The i n i t i a l  value o f the f i r s t  root i s  not co rrect. By the ap p lica tio n  
o f lin ea r  in terp o la tio n  i t  can he ca lcu la ted  i f  required .
I t  i s  not p ossib le  to  evaluate a n a ly t ic a lly  expression  (2 .39)»
There i s  a p o s s ib i l i t y  by, employing truncated B esse l and Neumann 
s e r ie s ,  and in teg ra tin g  term by term or a lte r n a t iv e ly , with numerical 
in teg r a tio n  techniques such as Newton-Cptes, Romberg, Gauss or 
Chenshaw-Cotes to  evaluate (2 .39) approxim ately. Hov/ever, th is  evaluation  
i s  a considerable computation ta sk  and then w ith the aid of ( 2 . 25 ) to  
determine the v e lo c ity . The mathematical d i f f i c u l t i e s  are obviously  
great w ith t h is  approach# The next sec tio n  i s  centred on introducing  
approximations to reduce the mathematieal com plexity, but s t i l l  obtain ing  
meaningful r e s u lt s .
TABIÆ I Bessel-Neuman Roots
Inner Radius 10 mm
Root Number Value of
1 4.27581
2 2 .2 3 2 1 4
3 3 .18255
4 4 .2 1 3 4 3
5 5 .25448
6 6 .29826
7 7 .3 4 3 2
8 8 .3 8 8 7 5
9 9.4347
10 10.4809









20 2 0 .9 4 8 4
Inner Radius 13*75 nira
Root Number Value o f K
1 3 .10968
2 1.62337
3 2 .3 1458
4 3 .06432
5 3 .8 2144
6 4 .5 8 0 5 5
7 5.34051
8 6.10091
9 6 . 8616
10 7 .6 2 2 4 7
11 8 .3 8 3 4 8






18 1 3 .7124
19 14 .4738
20 1 5 .2352
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11 6 .5 8 7 0 2
12 7 .1 8 5 0 3
13 7 .7831
14 8 .38122
15 8 .9 7 9 8 3





Inner Radius 21.23 mm









9 4 .4 3986




14 6 .9 0 2 1 8
15 7 .3 9 4 7 8
16 7 .8 8 7 4
17 8 ,3 8 0 0 3
18 8.87271
19 9 .3 6 3 3 8
20 9 .83807
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10 4 .1 9 2 3 6
11 4.61091
12 5 .0 2 9 5 2
13 5.44817
14 5 .8 6685
15 6 .28556
16 » 6 .70429
17 7 .1 2 3 0 4
18 7 .5 4 1 8
19 7 .9 6 0 5 8
20 8 .3 7936
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Section  ( i i i )
Reduced c y lin d r ic a l polar model
A p h ysica l system comprising of an annulus with a temperature 
m aintained between the inner and cater c y lin d r ic a l su rfaces, having  
a very small aspect ra tio  and deep in  a ca v ity , the shear w i l l  be 
a fu n ction  of z alone. The v e lo c i ty , in  the steady s ta te  o f flo w , 
w il l  be, th ere fo re , reduced to
0 , 0  )  2 .4 3
The v e lo c ity  vector for a s in g le  convective r o l l  w i l l  be g iven  by:
^  —  LL (2 .) 2 .4 4
The constra in t upon the equation o f con tin u ity  w i l l  be the same as  
in  S ection  ( i i ) .  The momentum equation, in  c y lin d r ic a l p o lars for  
the r th  component w i l l  now be
o  -  -  4  T k V  LL " LL 2 .4 5
1
Follow ing the same procedure as w ith  the previous sec tio n  we obtain  
the fo llow in g  th ird  order d if f e r e n t ia l  equation:
-2 .-2 .-2. ~  4  W  2 .4 6
The temperature equation i s  a lso  given  by
l l T r  = X  © . z_%. 2 .4 7
i i -
When r approaches large values which correspond p h y sica lly  to  the 
'centre* of a f lu id  with unbounded s id e s , equation ( 246) and (2 .47 )  
reduce to  the G ill equations (1*3) and ( 1 . 4 ) .  The so lu tio n  of
( 2 . 4 6 ) can be found as fo llo w s:
kernel so lu tio n : nv*" — = O 2.48
Then LL - R E X P )-4-B  f )
where A and B are arb itrary con stan ts.




By su ita b le  ap p lica tion  o f operator D methods, the p articu lar  
in te g r a l i s
Tv . c p -
2-51
Hence the complete so lu tio n  i s
U - - 4 E X P ( f ) t B E X P ( - f ) -  2 . 5 2
In teg ra tin g  equation (2.52 ) tw ice and su b stitu tin g  in to  equation
( 2 .4 7 ) i t  i s  p o ssib le  to  obtain  an expression  fo r  0 in  terms of Z 
and r namely
©  = k T r V ^ £ X ? ( ^ )  2 .5 3
'V U
4- - D ' z  +  E‘
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where C, D and E are arb itrary  con stan ts.
Equation (2 .52) has three constants namely A, B and C. By 
su ita b le  choice of boundary con d itions the values of the constants 
can be enumerated. The fo llow in g  p h ysica l con stra in ts  w i l l  be 
employed.
(a) R igid  conducting boundaries conditions
L l ' = 0  Z = ± £ k  ® r O  2.54a
(b) Free conducting boundaries
O  -  % © - 0  2,54b
(c) R igid  fr e e  conducting
D %= ^   ̂ LL=0 "2.= - A ®  = 0  2.54c
Any of the boundary conditions w i l l  y ie ld  two simultaneous 
equations having three unknown. The con tin u ity  in teg ra l
\  L i d a  =  O  2.514
g iv es  the f in a l  lin ea r  equation. The lin ea r  equations may then be
solved sim ultaneously for  A, B and C.
The work of G ill was centred , as was Harts work, on r ig id  and 
free  conducting boundaries. The G ill equations w il l  now be compared 
with the reduced cy lin d r ic a l model.
(a) R igid  conducting boundaries
( i )  G ill  Equations
v e lo c ity  L i  =  ^  \  2-55
shear L i 2 . “  od q ~  <i 1 2.56
'4 >  s) I  4  j
( i i )  Reduced cy lin d r ica l Polar Model
Employing the contin u ity  in teg r a l and zero s lip  at 2  =  ±  A the  
fo llo w in g  lin ea r  simultaneous equations are obtained in  matrix form:
iLY SirvL E 'Tl t
vûbcp E




B — G_A 
2.
c c t-c l
z .
2 .57
where E = G =
S)
so lv in g  ( 2 . 5 7 ) by the usual matrix methods the fo llo w in g  values are 
obtained fo r  the constants:
-  j I t A Ù v k E  -  A , C o 4 k E  I
I %T SirJv E - a d  4irv.K.E j
q l y t  i  r  — SttvltvE +  d  to îU -  E \  
\  <^v iX rv k E  - a A Û r v U E  i
b  s; oC
2 .5 8
and c = o .
S u b stitu tin g  the constants, f i r s t  derived , in to  ( 2 . 5 2 ) the fo llow in g  
r e la t io n sh ip s  fo r  th e v e lo c ity  and shear are r e sp e c tiv e ly :
U. = Ty ( / 1 V HnJkE -  A. LpskE ^ 2  1
^  - 4  L  \  4-V** SirvkE -  lA W \T E / \F / %  j
2 .5 9
= ^ 9  V T cI  I l T ^ i v n , V v E .  -  cL C o v t v E  \  — Jl  I 2 . 6 0
IV 4-V ^rviC E  -  XA SkrvL'XEj VrJ 4 J
(b) Free conducting boundaries
( i )  G ill  Equations
V elo c ity U  = oC 2.61
Shear LL"? = oc. 2.62
xs) I- S
( i i )  Reduced c y lin d r ic a l Polar Model
This juncture employing the con tin u ity  in teg ra l and zero shear
at boundaries iZ. = 4: A a sim ilar tr ia d  of lin ea r  simultaneous
equations are obtained (the constants are the same as in  the previous
\ T S i r v k £  W-UïvkE. F d A 0
u i 3 C p  £  -  u - ' i c p - a  t > B
—
G-
uocp- £  -  ‘-xKp EL 0 C G-
>  k
2 .6 3
so lv in g  m atrix equation ( 2 . 63 ) the fo llow in g  values for A, B and C 
are obtained:
a) k rxU
and C =* o
The r esp ec tiv e  v e lo c ity  and shear equations are:
u !  =  o cg  i.S> u vK .E  6 o s k {2 \  _  2 .  I
N3 I lln.kaB k J
2 .6 4
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s a ÿ r  1 % ^  ‘ « H t ) -  '1
2.65
(c )  R ig id -F ree  conducting boundaries 
At ^  T= the shear i s  zero w h ile  at
v e lo c i t y  w i l l  be zero .
( i )  G i l l  Equations
— — cl/- the
V e lo c ity
Shear U --, = p -  z j y  -  
4-
( i i )  Reduced c y l in d r ic a l  P olar Model 
The m atrix equation  i s  g iven  b y :-
2.66
2.67
H - S i i v k E  a t S i n - k E  F cl A o
-  H E  k B - gA
vj2>ep E  — cjp-jcp-E O c
o
2.68
The co n sta n ts  are:
B =
r  0 - ^  "  4* E —’
lu x VlwK e  to'.ke. -  cL tos.k*aE (
T  ^
a  • 1
CC;Tt — Z  V E  -k cL ^ X p  -  a l
^  "0 L 'TLSiyvK.E cosk a  — coik^L à  3  
1 S ct^ k a  C osk a  4- s.tryli?' E \ 
L X'^Hrck £  C c^ k a  —^  L o ^ k U b  ^
The r e s p e c t iv e  v e lo c ity  and shear eq u ation s are:
u ) .  y  I
^   ̂ % {ir v k  a  L o ^ k a  — fL  i o < i k i E  J
k
+ C^TrV^ - j.42x(dE+ Zb + E-%^_ad\i.KkE IOLLE4 4-vVvyfeI
L X&LYvkE. L O ^kE - A  lo ^ L lE  2 .6 9
o ^ i j T t  V \ A""^H |> ( -  ^  _ d ^ u u i p ( E - % b  +  4 - t  u w W e  U n .U ( 2 b  ]
~o L j o r _____________ ' i k    ' • ' h
x H y v k t  C o^L e -  à .  C o s l o . t  J
  . It
— I cL Vi-Tvp % \  4r <JL vC ?L p ( j -  E - . ^ ^  I
^  L 1 t ,  I c  f cr A , rx I-X ^LVvk t  G o \k a  —_iL Co’ik'hH
V
2 .7 0
N aturally , v e lo c i ty  equations having the v e lo c ity  as zero at the
r ig id  boundaries do not s a t i s f y  the f u l l  v iscou s boundary con d ition s,
so th in  stoke la y ers  are required adjacent to  the boundaries in  order
to  s a t i s f y  the n o n -s lip  c r i t e r ia .  These la yers w i l l  have a th ick n ess  
/ F  \
l ^ j  to  Hart ( 1972) .  This th ick n ess fo r  r ig id
boundaries i s  o f the order o f    the depth for mercury when i t  i s
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used as the working f lu id .
CHAPTER I I I
Chapter I I I  
Section  ( i )
S ta b il ity  C h aracter istics  and Perturbed Equations 
Hart ( 1972) has enumerated the s t a b i l i t y  of the b a sic  flow  s ta te  
in  a box geometry. The s t a b i l i t y  c h a r a c te r is t ic s  were solved  
num erically using the Galerkin approach. T his method converted a 
set o f ordinary d if fe r e n t ia l  equations in to  a matrix eigenvalue  
problem. The r e s u lt s  were applied to : r ig id ,  conducting and in su la tin g  
boundaries. The r e s u lt s  were extended for  a broad spectrum of 
Prandtl number values 10  ̂ to  10 For liq u id  m etals,  ̂i s  very
small and the r e s u lt s  for the lower end o f the spectrum were 
n atu ra lly  re lev a n t.
For transverse modes Hart proposed the fo llo w in g  energy 
in  the b a s ic  s ta te
( i )  the conversion o f p o ten tia l energy in to  k in e t ic  energy
( i i )  the energy extracted  from the mean v e lo c ity  f i e ld
( i i i )  the v iscou s k in e t ic  energy d is s ip a t io n
The fo llo w in g  c r it e r ia  were in d ic a tiv e  of th is  type o f s ta b i l i ty :
( i )  when the conversion o f p o ten tia l to  k in e t ic  energy was greater
than the energy o f the mean v e lo c ity  f i e ld  the in s t a b i l i t y  was 
convective in  nature^
( i i )  when the energy o f the mean v e lo c ity  f i e ld  was greater than  
the conversion of p o ten tia l to  k in e t ic  energy the in s t a b i l i t y  was of 
shear character ,
For lon g itu d in a l modes the energy was extracted  out of the flow; 
w hile the transverse modes, in  some ca ses , may have converted k in e t ic  
energy in to  shear flow .
For low values of P the f i r s t  form of in s t a b i l i t y  to  a r ise  was 
a 'tran sverse  mode* which was not o s c il la to r y  in  character. The
o s c il la to r y  disturbances were lo n g itu d in a l 'even* modes# The 
lon g itu d in a l im plied motion in  the Hart box geometry which was 
independent o f x coordinate and the 'even* symmetry about the lin e
O . These modes are la b e lle d  L and E in  H art's (l972) fig u re  ( 5 ) .
Turning now to  the form ation of th e perturbed equations. In  
the box geometry o f Hart ( 1972 ) the lo n g itu d in a l modes are subject
to  the constra in t â   = o  While the transverse modes are subject
to  an analogue constraint â .  ~  o  Consider a perturbation in  the 
a n u l l i i  o f the reduced c y lin d r ic a l polar model; le t  the v e lo c ity  
perturbations be W  r e sp e c tiv e ly  in  the three coord inates,
and 0  the temperature perturbation . These are subject to  the  
Boussinesq approximations, the resp ec tiv e  v e lo c ity  and temperature 
equations w i l l  be:
3.1
T  = V W + © L i)  + 6  3.2
The perturbation equations w i l l  be v a lid , provided that the flow  
pattern i s  approximated by the equations ( 2 . 4 6 ) and (2 .47)*  This 
con d ition  i s  cer ta in ly  true in  the middle o f a ca v ity  w ith a small 
aspect r a t io .  I t  a lso fo llo w s , for  sm all va lu es o f <|) that
^  and â —  =  i  3*5
Then the perturbation v e lo c ity  and temperature can adopt two forms:
ÜL
or
U. =  3.4a
vr'= 3 . 4b
^  3.4c
& -  ©*(, 3.4d.
ü! = Vil 3.5a
U -'=  U-'LV'j^z.j .fc) 3.5b
The former perturbations w i l l  generate lo n g itu d in a l modes which
are subject to  the constrain t O the la t t e r  form of perturbation
D r
w i l l  generate transverse modes. However, in  the Hart (1972) box 
geometry there was no generation of transverse o s c i l la r y  modes.
There are two p o ssib le  explanations: the sid e w a lls  o f the box 
s ta b iliz e d  t h is  form of o s c i l la t io n  or a lte r n a tiv e ly , the measuring 
apparatus employed by experim ental observers was not s e n s it iv e  enough 
to d e tec t th e ir  presence. In Skafel (1972) measurements of the mean 
temperature f ie ld  corresponded to  th e  box geometry. However, he 
noted sm all amplitude flu c tu a tio n s  w ith a wide frequency band were 
presen t. These small amplitude f lu c tu a tio n s  could have been the r e s u lt  
of shear flow  in s t a b i l i t y ,  but they d id  not in h ib it  the thermal
i 5
o s c i l la t io n s  occurring. Furthermore, the measured temperature 
f i e l d s ,  in  the work of Skafel (19?2) and Hurle et a l (1974) concluded
th at Q .sin g le  c ircu la tio n  was present; whereas i f  transverse modes
were present secondary c irc u la tio n s  would appear, in d ic a tiv e  o f  
shear in s t a b i l i t y .  The experimental work conducted by Hurle et a l  
in d icated  th at l in e s  o f constant phase w i l l  have a tendency to  be 
p a r a lle l to  the l in e s  of flow  and supports the view that the former 
type of perturbation equations (3*Ua -  d) w i l l  dominate, and in  the 
c y lin d r ic a l mode w il l  have =r Q
I t  i s  now p ossib le  to  introduce a Stoke’ s stream fu n ctio n , VU
such at th e  current function  w il l  be connected to  th e flow  in  th e
plane by th e  fo llow in g  p a r t ia l d if f e r e n t ia l  equations:
i  3 .6
H aturally , the stream fu n ction  w i l l  s a t is f y  the equation of 
co n tin u ity . The new v e lo c ity  w ith the perturbation v e lo c i ty ,  w il l  
now be g iven  by
=  I U ! + ïjlH  + v < ( > + u r  h 3.T
where V' and represent unit v ectors in  the r a d ia l, azimuthal 
and z d ir e c tio n s  r e sp e c tiv e ly . The v o r t ic ity  i s  defined  by
y
or expressing  the v o r t ic ity  in  a more perspicuous form, we have in  
determinant notation:
A
v < ( ,
A
z
o % — ^
U ' t u V-VJ-' Ur* 3 .9
6.6 '
(N eglectin g  the va r ia tio n  in  r ) .  Expanding determinant (3*9)
VO
However, — 0  and rep lacin g  if" and LL by the Stoke" s
stream fu n ctio n , the v o r t ic ity ,  in  a succinct form is :
Now the fundamental v o r t ic ity  equation i s :
considering each term o f  (2,8^ in d iv id u a lly  
The f i r s t  term 
The second term y ie ld s :
^ ^  XTD^Y i s  o f second order and w i l l  be ignored,
The next term Vx(*^gXW ^ill a lso  provide a second order con tribu tion
and w i l l  be neglected .
A
The term X R y ie ld s :
3 .14
The f in a l  term i s  CO each o f the components w ith i t s
appropriate d ir e c t io n ,in  c y lin d r ic a l coord inates, w i l l  he




From the r th  component o f  the v o r t ic ity  equation ( 3 .12) and w ith  
the above con sid eration s, and n eg lectin g  the perturbation term ci 
we have
3 .1 6
“  ~ 0d|> -  - o c ^  0 ^  3 .1 7
From ( 3 . 16) and (3 .17)
Now
= 06q  6 ^  +  3 .1 8
where +  ^L_ the reduced Laplacian operator.
The energy equation , to  f i r s t  order con sid era tion s, may be w ritten  as:
G t f  I o ) T t -  +  uo- © 2 . =  + ^ ^ 0 )  3 .1 9
and the unperturbed temperature equation
U! »T =  X  ®2.-2. 3.20
Subtracting (3»10) from (3 .19)
G t +  I L T y  + T 3. 21
Examination o f the r th  component o f the Navier-Stokes equation  
g iv es:
C X . t r CJ j ' t u . ' z . - V^z V ^  3.22
 ̂ r  I  f
^  I  4- UL%2,"- -  A  1
Now ignoring the perturbation in  i . e .  ^  i s  s a t is fy in g  the
unperturbed s ta te  v iz : -
•=> =  + ' O -  >l u l  3 .23‘ v=-
The perturbation v e lo c ity  which i s  superimposed on the b a sic  s ta te  
i s  small in  magnitude in  comparison to  the b asic  s ta te ,  thus terms 
such as CX^may be neglected  as second order. Also we sh a ll choose 
to  ignore the product terms
j T  CLv̂  and ux' \ X ^
Introducing the Stoke*s stream fu n ction  equation (3 .2 2 ) now becomes:
^  +  3-24
Equations (3.1&),  (3.19)  and (3 .24) are the fundamental equations which 
govern the flow . Now equation ( 3 . 18 ) ,  the v o r t ic ity  equation.
i 2 .
exp resses é  in  terms o f I p  ; D iffe r e n tia t in g  p a r t ia l ly , the 
temperature equation (3*21) ,  w ith respect to
+ u !^ T ç  4- © 2 . = - X  ^  3.25
S u b stitu tin g  in to  equation (3*16) fo r  0  then (3*25) becomes:
D if f e r e n t ia t in g  th e  reduced N avier-S tokes eq u ation  (3*24) w ith  resp ec t  
to  and s u b s t itu t in g  fo r  from eq u ation  (3«26) the r e s u lt in g
eq u ation  i s :
3.27
S o lu tion s of the form = .-ajcpQ t, S.u-w A  3*28
may be found fo r  ( 3 . 27 ) which on su b stitu tio n , y ie ld  an eight order 
d if f e r e n t ia l  equation. The value of ^  i s  r e a l fo r  a l l  p o s it iv e  
Rayleigh numbers. The tr a n s it io n  from s t a b i l i t y  to  in s t a b i l i t y  w il l  
occur through th e  marginal s ta te . The equations governing the 
marginal s ta te  are obtained when approaches zero , and t h is  lim itin g  
value i s  then su b stitu ted  in to  the problem governing equations.
20 .
Section  ( i i  )
Non-Dimensional Forms
The next step i s  to  convert equation (3*27) in to  non-dimensional 
form. However, there i s  a requirement f i r s t  to  examine the  
parameters upon which the flow i s  dependent and by su ita b le  
su b stitu tio n  o f non-dimensional q u a l it ie s ,  reduce ( 3 »2 8 ) in to  non- 
dimensional form. Turning to  the p h ysica l prop erties of the model.
Steady free  convection in  a g ra v ita tio n a l f i e ld  i s  characterized  by 
f iv e  parameters: thermal d if f u s iv i t y ,  kinem atic v is c o s i t y ,  temperature 
d iffe r e n c e , c h a r a c ter is tic  length , and, the product o f g ra v ita tio n a l  
a cce lera tio n  and volume c o e f f ic ie n t  of expansion. From these  
parameters we can form tv/o dimensional q u a lit ie s  which are the  
Prandtl number and the Rayleigh number.
( a) P randtl Number
This i s  a measure of the r e la t iv e  importance o f the heat
conduction and the v is c o s ity  o f the f lu id  and i s  defined as
P = kinem atic v is c o s ity  
thermal d if fu s iv i ty
This r a tio  P i s  an index of the capacity of th e f lu id  to  d if fu se
momentum as compared w ith i t s  capacity to  d if fu se  heat energy. Also
th is  r a tio  between the two most s ig n if ic a n t re la x a tio n  tim es in  a
r e a l f lu id  i s  very important. In low Prandtl number f lu id s ,  the
heat d if fu se s  s ig n if ic a n t ly  fa s te r  than v o r t ic ity  which i s  a ty p ic a l
s itu a t io n  in  liq u id  m etals, in  which the e f fe c t iv e  transport o f heat
energy i s  e lec tr o n ic  in  nature.
(b) R ayleigh  Number
The b asic  v e lo c ity  f i e ld  v a r ies  d ir e c t ly  w ith th e  volume 
c o e f f ic ie n t  and the temperature gradient and
in d ir e c t ly  with the v is c o s ity  i . e .  and w ith g as an
2±
ad d ition a l fa c to r . Since U i s  the th ird  in te g r a l o f the
dimension w il l  a lso  appear. The v e r t ic a l  d is tr ib u t io i© ^ . r e s u lt s
from a balance of the convection by th e  v e lo c ity  f i e ld  and conduction  
in  a v e r t ic a l  d irec tio n . Consider an elem ental volume having a 
base area and forming a parallelopipedon in  the y d ir e c tio n .
The n ett in flu x  of h eat, due to convection i s
— U. %T — LL % % &-Z. 3.29
in  the lim it  as the base area approaches an in f in ite s im a l va lue.
The n ett outflow , due to conduction
— A -  X  ”̂ 2.-2,clzclx 3*30
Thus depends on -M Jx, which i s  proportional to
Thus U -T x . ^  o & a  3.51
■30 S i x
Now tak ihg a non-dimensional r a tio  o f  the v e r t ic a l  f lu x  to  the 
h orizon ta l as:
Hence, the Rayleigh number = 3*32
The R ayleigh number represents the balance between the p rop erties  
governing the natural convection. A lte r n a tiv e ly , i t  can a lso  be 
viewed as the ra tio ^ lib era ted  by buoyancy to  the energy d iss ip a ted  
by heat conduction and v isco u s drag.
22_
From th ese  two non-dimensional parameters we can form 
another the Grashof, and the three are re la ted  as fo llo w s:
Grashof number = Rayleigh x Prandtl 3 «33
Low values o f t h i s  number imply th at the transport energy i s  
almost e n t ir e ly  by conduction -  a molecular process. Conversely, 
high values correspond to  convective reg ion s and the larger th is  
number the stronger i s  the convective current,
Now two flow s are sim ilar  i f  the Prandtl and Grashof numbers 
are the same. However, convective heat tr a n sfe r , created by gravity  
fo r c e s , i s  a lso  characterized  by another number the N usselt number, 
and i s  a fu n ction  o f the Prandtl and Grashof numbers alone:
There i s  n atu rally  no Reynolds number fo r  free  convection , 
due to  there being no c h a r a c te r is t ic  v e lo c ity  parameter, and the onset 
of turbulence i s  determined by the magnitude o f the Grashof number 
which becomes very large. Hence the s t a b i l i t y  c h a r a c te r is t ic s  
asso c ia ted  w ith  equation (3*27) w i l l  be dependent upon:
p = X
Roc — o( A 3» 35
However, at t h i s  juncture before equation ( 3 *27 ) i s  transformed in to  
non-dim ensional form i t  i s  convenient to  review the operator n otation  
and to  d efin e  a s e r ie s  of a n c illa r y  non-dim ensional q u a n tit ie s .
The operators are l i s t e d  as fo llo w s:
73
V :  = s L "  - 1
S im ila r ly , the non-dimensional q u a n tit ie s  are:
cL
3.36
à  -  — <5”  — Ic ^  — F ]  3"37
L i z -  J
3.38




3 . 4 3
X R c x
R elation sh ip  3*43 ( i)  i s  the non-dimensional shear. The n e c e ss ity  
fo r  th e  negative sign  i s  that ^ " ^ > 0  and U u^  Z. O  on
the cen tra l plane O  The la t t e r  re la t io n sh ip  3*43 ( i i )  i s
the non-dimensional v e r t ic a l  temperature gradient which i s  dependent 
on the v e r t ic a l  andhorizontal temperature grad ien ts.
By transform ing equation (3*2?) in to  non-dimensional form i t  
i s  p o ss ib le  to  introduce a dependence on the Rayleigh and Prandtl 
numbers.
M ultip ly ing each term o f equation (3*2?) by cl^
2k .
( i )  Left hand terms:
,t  - '
t-3-
( i i )  Right hand terms:
(a) cC " X  p e g  U x T i r  ^  =  -  L  9 CL
- #
(b) = -  g j^ T R c v ?  4
Term ( i i ) ( h )  i s  only of order Ra. The Rayleigh number i s  u su a lly
greater than 10^ when c r i t i c a l  o s c i l la t io n s  occur and cer ta in ly  higher
with a liq u id  metal such as gallium . The other terms contain ing
2
the Rayleigh number are o f order Ra ; hence the contribu tion  from 
t h is  term i s  minor and may be ignored. Then th e reduced non- 
dim ensional equations:
-V £  9 d  4-
= 0  3•44
Equation (3*44) i s  the fundamental equation upon which the model 
r e s t s .
The f i r s t  approximation for  small P estim ates the frequency o f the  
o s c i l la t io n .  However, i t  i s  p o ssib le  to  express (5^ as an in f in it e
s e r ie s =■ 6^0 4* 4 - P  4- 4" 3.45
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and in  th e in te r io r  o f  the f l u i d ,  in  th e same manner,
^  4* P  "V 4- 3*46
By em ploying th e next order o f  approxim ation i t  i s  p o s s ib le  to  
determ ine whether the o s c i l l a t io n  i s  u n sta b le  or s ta b le .  
S u b s t itu t io n  in to  (3*45) w i l l  s a t i s f y :
3.47
-  T z.iV o =  o
Now drawing upon th e  theory o f  p a r t ia l  d i f f e r e n t ia l  eq u ation s and 
in  p a r tic u la r  G reen's fu n c t io n s , the concept o f a s e l f  ad jo in t
;ü 4Se<1»
operator  ̂ The ' wave d if fu s io n ' operator i s  in  i t s e l f  s e l f  a d jo in t .  
The operator a c t in g  on in  (3*47) i s  s e l f  a d jo in t , fo r  fr e e
conducting boundaries, and t h is  co n d itio n  i s  ob ta ined  by 
m u ltip ly in g  ( 3*47) by \ | j o  and in te g r a t in g  over th e  non-dim ensional 
depth:
\  i  -V i ?  i : "  1 À -
“ ‘«X
<4
-  «Jo \  R l  c lz .
3 .4 8
The f i r s t  term on the r ig h t  hand s id e  rep re se n ts  the v isc o u s  
d is s ip a t io n .  The second and the th ir d  term s rep resen t the
21
d e s ta b iliz in g  e ffe c t  due to  the f in i t e  d if fu s io n .t im e , whereas 
the former o f the two terms represents the dominating in flu en ce .
The f in a l  term represents the s ta b il iz in g  e f f e c t  o f the s ta b le  
v e r t ic a l  temperature gradient.
J l
S ection  ( i i i )
S t a b i l i t y  S o lu tio n s
I t  i s  p o ss ib le  to derive so lu tio n s  fo r  (3*44) by rep lacin g
T and U by constants T and U which may be looked upon as z z z z ^
weighted mean va lu es . This strategem has been employed by P a lier  
( 1969) w ith advective in s t a b i l i t y  in  geophysical flow s with downstream 
grad ien ts of d en sity . A negative downstream grad ien t, with p o s it iv e  
v e r t ic a l  shear, leads to  a weak convective phenomenon termed, 
advective in s t a b i l i t y .  The parameter that m odifies the convective  
in s t a b i l i t y  i s  a fu n ction  o f two weighted mean va lues the down­
stream gradient and the v e r t ic a l  shear.
Hence, using  an analogue approach to  F a ller  i t  i s  p o ss ib le  to  
rep lace and T  ̂ in  equation (3 .44) by th e ir  weighted mean v a lu es , 
i t  w i l l  y ie ld  so lu tio n s  which are sin u so id a l in  z . A featu re  
asso c ia ted  w ith the b asic  s ta te  flow  pattern i s  that the depth of 
the f lu id  approaches h a lf a wavelength. This fea tu re  i s  c er ta in ly  
true w ith r ig id  boundaries, then i t  i s  p o ssib le  to  rew rite the  
operator
V t  = =  3 .4 9
The two m od ifica tion s w il l  reduce (3*44) to  an a lgeb riac  expression  
v iz : -
3 .5 0
A so lu tio n  of the form v (0 % w il l  be examined.
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where i s  the growth ra te  and i s  the frequency of o s c i l la t io n .
Now when i s  le s s  than zero , the disturbances decay w ith tim e, 
w hile w ith greater than zero the d isturbances grow with
tim e. However, with the boundary cond ition  s so  the disturban­
ces w i l l  n eith er  grow or decay and th is  con d ition  i s  termed marginal 
s t a b i l i t y .  Then i t  fo llo w s that =  L,
Expanding each term o f (3*50) we obtain
(a) - k ‘‘C +  z k ''p ''^ L q i L € L +
( c) i X t  9 .1  p '’*- \  C l  + JL  R L  PW"1%
(d) -  + a l  P  i f  t T c  I  - v J L '
Grouping the r e a l and imaginary parts:
Real Part
k'*' +  zk'*- p
Imaginary Part
< T i’ - =  z v f  ? '" T z + 9 .? 4 f  t f
3.51
3 .5 2
Expressions (3*51) and (3*52) combine to  g ive  Ra •  Ra which i s  
the con d ition a l for marginal s t a b i l i t y .
I i
s ta b le  so lu tio n s  of (3*53) w i l l  be found fo r  Ra R^^ and unstable
so lu tio n s  fo llow  for  the converse muta t i s  mutandis. S inusoidal 
in s t a b i l i t y  i s  only p o ssib le  for
CLj. >  X2. k*" ( I +  p + 3 . 5 4
To derive meaningful expressions for the so lu tio n s  o f the non- 
dim ensional shear and temperature gradient a weighted in te g r a l,  
a r is in g  from energy con sid eration s, i s  used. Then th e non-dimensional 
shear i s  evaluated from the in teg r a l
3.55
where ^ (-0^^  TTlZx An analogue in teg r a l fo r  the non-
dim ensional temperature gradient i s  a lso  s im ilar  in  form to  (3*55)»
The re la tio n sh ip  connecting the non-dimensional temperature gradient 
w il l  be:
t L  1 t J  c L U z .  3 .5 6
X  Ro^
In teg ra l (3*55) i s  used for the eva lu ation  o f the non-dimensional 
shear and the analogous in te g r a l fo r  the non-dimensional temperature 
g rad ien t, for constant ra d ia l coordinate. The in te g r a ls  have been 
ca lcu la ted  in  appendix I I I .
The resp ectiv e  values for  th e  various models are tabulated  below.
R ig id  conducting boundaries 
(a )  Reduced polar model 
N on-dim ensional shear
80
-  i d  LO%tr\,
clwhere B =
N on-dim ensional tem perature grad ient
3 .57
"T-7 — —  |4 -tS t,v lrv .t -  cl l o iL E  ^ Vcivk fci 
\  l u v w H E . -  a d s iK V o E  I  1 +
(b) G i l l  v a lu es  
Non-dim ensional shear
—  "2.
Free conducting boundaries 




Non-dim ensional tem perature 
___________ grad ient__________
=  Vf' \ 4 -  a  SirvKE 1
c l ^ l  £  4 -E *  +  4 -T i^ J
Non-dim ensional tem perature grad ient
3 .5 9
T z . -  Ü -  -  W rv k -E  > 4 - £
- Ë -  +  4 Ë
(b) G il l  v a lu es  
Non-dim ensional shear
5. ^ u v U .E  1 
E:L+4--R T-^
3 .6 0




R igid-Free conducting boundaries
(a) Reduced polar model 
Non-dimensional shear
VLz. =  I jL  \  n .rjK E  L olL E  1 E
•E AI" .4rVv.wWt C-OvUE — C o s k x t .  J  3.61
4. '
(b) Non-dim nsionaT teTnper^ture^gradient J  * 4-
( ' ^
_L I A ^  E  -  ZcA lO ^ L s j Sv-lrvl~E  ̂ 2 .
,  L 4 .U w W e  (.caWE L o(.k E  \  ,  .  - 1.  +  _ L
i ensional mperature * gradi . 4 JL _& %_
X~2_=- Ü 3 -
3 .6 2
G ill  va lues
Non-dimensional shear Non-dimensional temperature
___________gradient__________
For large values of r the fo llow in g  truncated s e r ie s  for  C o ^ lv t  
and can be used
b < -w V v E  z x  t  +  e ^ 3 .6 5
Then expression  (3*57 ) becomes: 
LL _  I [  1  %2 . _ _ l  _ ----- ---------------------------------------------------- V"- 3.65
Then (3*65) becomes:
U 2 _  =  _L  
4-
1 I I
  \  ----------- — J>. ~ —  3 ,66
\  4 -" n ^
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R elationsh ip  (3*66) i s  id e n t ic a l to  the G ill  value fo r  the non- 
dim ensional shear for r ig id  conducting boundaries.
L ikewise, w ith the same approxim ations, (3*59) becomes:
or
U.2. — -  i  I -  4 -  1 ^ )
A-E’ 4- 4-Ti-
V z .  = i _  i * ~ ‘ +  A-E’ - l ' l . Ê l  \
4-e- \  X b 1
3.67
3.68
TT -A- -4- A_
^ 2. ATi^ 3 .69
v - ^ 0 0
R elationsh ip  (3*&5) i s  id e n t ic a l to  th e  G il l  value fo r  the non- 
dim ensional shear for free  conducting boundaries.
The truncated expansions of and when E i s
approaching zero removed the dependence o f the non-dimensional shear 
and temperature gradient upon the depth o f the f lu id  and the ra d ia l 
coord inate. The lim itin g  va lues are a lso  in  agreement w ith the G ill  
valu es fo r  the rectangular con figu ration . However, i t  should be 
noted th at the G ill  model proposes th a t the f lu id  i s  unbounded both 
in  the x and y  d ir e c tio n s .
Equations (3*57) to  (3*62) w ere programmed on a computer see 
appendix I program 2, This was to  determine the convergence of the  
reduced polar model non-dimensional shear and temperature gradient 
as compared with the G ill  v a lu es . The range o f the depth was four  
equal increments commencing at 7 com and term inating at 10 mm. I t  
was taken th a t the inner cylind er radius was small and the ra d ia l 
value commenced at 10 mm and was incremented in  equal step s o f 10 mm
to  a maximum of 5^ mm* These resp ectiv e  depth and range 
v a r ia tio n s  encompassed the proposed experim ental va lu es . The r e s u lt s  
are quoted as a r a tio :  the G ill value divided by the reduced polar  
model. The r e s u lt s  are tabulated  in  Table 2 and a l l  the measurements 
where appropriate are in  mm.
TABLE la
Boundary Conditions : R igid-R igid
3k






















Boundary C onditions: Free-Free
Depth R adial D istan ce R atio
7 10 1.035
II 20 1 .009
II 30 1 .038
II 40 1.001
II 50 1.001
8 10 1 .046
II 20 1.012
II 30 1 .005





II 40 1 .004
II 50 1.002
10 10 1.071
II 20 1 .018
II 30 1 .0 08
II 40 1 .0 0 4
» II 50 1 .003  •
_____
TABLE l e 66
Boundary Conditions : R igid-Free


















II 30 1 .004
II 40 1.005
II 50 1 .003  ,
From th ese  r e s u lt s  i t  i s  c lea r  th at the reduced polar model agrees 
w ell w ith the G ill  model.
Section  ( iv )
Non-cLimensional v e lo c it y  and shear eq u ation s
At t h i s  juncture t h i s  appears to  he a s l ig h t  d ig r e s s io n  from 
the main theme. However, th e  comparison between th e  two th e o r ie s  
w i l l  throw fu rth er  l ig h t  on th e  nature o f  the problem, e s p e c ia l ly  
the v e lo c i t y  f i e l d ,
R igid-C onducting
Reduced c y l in d r ic a l  coord in a tes
I I  =  1 -  ((l£ C O s k g  - g V l a k E  3 ,7 0
l \ ^  £ -ILE SirvklE. J J
G ill
J_  n  XE \  4-J_ I  3 . 7 1
x t  t  \ 4 -S iK v e e . -iiEsmVo.E ; i e  i
3 .72
X 4- b
S  -— _L —
"X.
S  =  J _  ( I ___
4 E ^  L C oO vX e \
LL — ^ 3*76
& - g
3 .7 3
F ree-con d uctin g
U  =  J .  I 2 .% — s u v h a e z ,  I 3 .7 4
4 E ’’ I  %E J
3.75




R igid-Free Conducting 
Reduced c y lin d r ic a l coordinates
U = _  J . I XE^uLTLp -  E  4r O .S l r y V \E  ~  X E  v4LHP E- |  X
L X VvkWE. tosV^t -  LokKE
 L 1 £  — "XsLrvVvE 4- X E \  o.-iip -  X  E %%
I  X^cvxV^E cosWe -  X E C o ^ k t  
4 . J  ( E •V-X̂ tyy.VvE — XE ovp E 1 utxp — E
L X<ilv̂ kE CoxkE -  XE tOSkE ^ *
4 \ XE^ ^ u p  E ~XSv-rtVvE. 4- I E  <^xo -E  I E
ibE^ L X U vnU E E osWe  - X E  U x k E
S  z r  L | xE^«^K.p-£ “\-XsirvUE,~ XE «-txp E ) uncpXEZ*^
L X Û K kE C o«.kE  - X E  Co^U £  -i 
4r \  ^E '^x.p E -  X^LvvkE 4 X £  E I -  XEZijt 
I X U w k E  C o \k E -X E  C o ^ e ’ j  ^
3 .79
G ill
V I =  t ' z /  +Z fc -  '
b lb lb MX
^  ^ 1* 4" 4  _L.
X  % *b
-3 .8 0
3.81
Equations (3*76) to  (3*8 l) w ere  programmed on a computer see  
appendix I I  program n̂ amber 3*
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The fo llo w in g  spectrum o f va lu es were used:
(a) depth o f f lu id  commencing at 7 mm to  10 mm w ith increments of 
1 mm
(h) the r a d ia l d istance commencing at 15 mm to  35 nun w ith increment s 
o f 5 mm
(c) the v e r t ic a l  depth in  the f lu id  commencing at -  0*5 to  0 .5  
w ith increments o f 0 . 125»
The r e s u lt s  are quoted o v e r le a f, for ty p ic a l va lu es; ra d ia l 
d istan ce of 15 mm depth 9 mm.
TABLE 2 90
Boundary Conditions : R igid-R igid
Depth in  f lu id V e lo c ity Shear
P olar Model G il l P olar Model G i l l
-  0 .5 -2.4%10"5 0 - 8 . 23x 10”^ -8 .33x10*2
-  0 .375 -6 .8x10  ^ —6.84x10 ^ -2 .83x10*2 - 2 . 86x 10*2
 ̂ -  0 .25 -7.75x10"^ -7 .8 lx l0 " 3 1 .04x10*2 1.042x10*2
-  0 .125 - 4 . 84x 10 ^ - 4 . 88x 10“ ^ 3 . 36x 10*2 3 . 39x 10*2
0 0 0 4.13x10*2 4.17x10*2
0.125 4 . 84x 10“ ^ 4.88x10 ^ 3 . 36x 10*2 3 . 39x 10*2
0 .2 5 7 . 75x 10”^ 7 . 81x 10” ^ 1.04x10*2 1.04x10*2
0 .375 6.8x10 ^ 6.84x10"^ -2 .83x10*2 -2 .86x10  2
0 .5 2.3x10"5 0 -8 .23x10*2 -8 .3 3 x 1 0 * 2
TABLE 3
Boundary C onditions : F ree-F ree
Depth in  f lu id V e lo c ity  




— 0.5 -4 .02x10*2 -4 .17x10*2 0 0
-  0.375 -3 .6 8 x 1 0  2 -3 .81x10*2 5 . 29x 10*2 5 . 47x 10*2
-  0.25 - 2. 76x 10*2 -2 .87x10*2 9 . 05x 10*2 9 . 38x 10*2
-  0.125 - 1. 47x 10*2 -1 .53x10*2 1. 1.3x 10*1 1.17x10*2
0 0 0 1. 21x 10*1 1. 25x 10*1
0.125 1.47x10*2 1. 53x 10*2 1.13x10*1 1.17x10*1
0.25 2. 76x 10*2 2 . 87x 10*2 9 . 05x 10*2 9 . 38x 10*2
0.375 3.68x10*2 3. 81x 10*2 5. 29x 10*2 5 . 47x 10*2
0.5 4.02x10*2 4.17x10*2 0 0
TABLE 4
Boundary Conditions ; R igid-Free
1 1
Depth in  f lu id
Polar Model
V elo c ity
G ill Polar Model
Shear
G ill
-  0 .5 0 2.794x10"^ -1.24x10*1 -1.25x10*1
-2 -2 -2 -2
-  0.375 - 1 . 09x 10 -1 .11x10 ^ -5.37x10 ^ -5.47x10 ^
-  0 .25 -1.41x10*2 -1.43x10*2 2.46x10*^ 0
-0 .125 -1.15x10*2 -1.17x10*2 3.85x10*2 3.91x10*2
0 -5.1x10*3 -5.21x10*3 6.14x10*2 6.25x10*2
0.125 3.22x10*3 3.26x10*3 6.90x10*2 7.03x10*2
0 .25 1.15x10*2 1.17x10*2 6.13x10*2 6.25x10*2
0.375 1.79x10*2 1 . 82x 10*2 3.84x10*2 3.91x10*2
. 0 .5 2.05x10*2 2 . 08x 10*2 5 . 72x 10*^ 0
I t  can be seen from the three ta b le s  that there i s  c lo se  
agreement between the v e lo c ity  and shear as predicted  by the polar  
model va lu es when compared to  the G ill va lu es ,
Skafel*s measurements o f the mean temperature f i e ld  looked much 
the same as the box geometry, Skafel used mercury as the f lu id  and 
studied convection more p a r ticu la r ly  in  an annulus w ith the temperature 
d ifferen ce  maintained between the inner and outer c y lin d r ic a l su rfaces. 
C ertain ly , the experim ental agreement between the mean temperature 
f i e ld ,  supports the values obtained in  the th ree ta b le s .
F igures 2 and 3 i l lu s t r a t e  the v a r ia tio n  o f v e lo c ity  and shear 
w ith depth as the reduced polar model and the G il l  model are in  c lo se  
agreement only when a s in g le  curve i s  drawn. These f ig u r e s  are s e l f -  
explanatory.
FIGURE 2

































The small Prandtl number lim it and associa ted  sta b le  so lu tio n s
N
Let P approach zero and w il l  approach w ith approaching 
Then (3*44 ) reduces to  a fourth  order d if f e r e n t ia l ,  which 
cannot he v a lid , however, lO the whole domain as the f u l l  equation  
f*44 ) i s  an eighth  order d if fe r e n t ia l  equation. And (3*44) y ie ld s :
^  Ra U.2 ,'^ 0  “  ^  3 .8 2
Likew ise, the sm all P lim it a lso  y ie ld s  for equation (3*33)
o  ^ —  9—  — 1 5 -----------------------------  3 .8 3
The value of J ,  that g iv es  the minimum value o f which corresponds
to  a wavelength propogated i s  determined from the value of 
which makes (3*83) a minimum for ^
D iffe r e n tia t in g  ( 3*83 ) with respect to  where fo r  convenience
j|% i s  w ritten  as L.
PC [ l  Û i r T i ^ T x V  ' ' ' a L h  1  - Ç ï ï H q * * '  J
For a maximum or a minimum the fo llow in g  quadratic equation i s  
obtained:
-2. L '"-L(bà^-T5^ =  o
3 .8 5
The minimum v a lu e , which i s  the lo g ic a l choice i s  given  by
L  = u ü x - ~ n ^ î k . ’) -  % T z . | .T î^ f a .- - n ^ ü ^ \
4- 3 .8 6
The non-dimensional frequency, in  the small P lim it  i s  given by
3,87
or
4 -  J x 3 .8 8
Having determined the weighted mean v a lu es’ o f the non-dimensional 
shear and temperature gradient i t  i s  now p o ssib le  to  estim ate with  
the aid of (3*6o) the value o f P, be^oio o s c i l la t io n s  are
p o ss ib le . Stable so lu tio n s  o f (3*59) w il l  be found fo r  Ra le s s  than  
Ra and unstable so lu tio n s  for  the converse fo llow  muta t i s  mutandis. 
Hence, s in u so id a l in s t a b i l i t y  i s  only p o ssib le  for:
ü z _ >  +  3 .8 9
The va lu es o f U^and T  ̂ have been already evaluated; hence 
employing the small P lim it values of and b  i t  i s  p o ss ib le
to  estim ate th e upper lim it for  P when o s c i l la t io n s  cease . A computer 
program was w ritten  (see  appendix 1 program 4 ) to  ca lcu la te  the non- 
dimensional shear, non-dimensional temperature grad ien t, Prandtl 
number, R ayleigh number, non-dimensional frequency and wavelength for  
a depth o f 10 mm, aspect r a tio  o f 0 .333 and at a ra d ia l d istan ce o f  





2 .5 1 6  X 10-2
Temperature Gradient
6 .3 5 6  X 10”^
P randtl Number
3.71  X 10-1
R ayleigh  Number
1 .042  X 10^
Frequency 
2 .1 8 9  X 10
Wavelength
3 .728
G il l  Model
Shear
2 .5 2 6  X 10 -2
Temperature Gradient 
6.381  X  10“'̂
P randtl Number
2.11
R ayleigh  Number
1.040  X 10^
Frequency
2 .1 8 9  X 10
Wavelength
3 .7 2 8
Free conducting  
P olar Model
Shear
1.0735  X 10-1
Temperature Gradient P randtl Number
2.712  X 10 -3 3.711 X 1 0-1
R ayleigh  Number
5 .0 4 5  X 10^
Frequency 
2 .1 8 9  X 10
Wavelength
3 .7 2 8
G i l l  Model
Shear
1.085  X 10 -1
Temperature Gradient
2 .7 4 3  X 10”^
P randtl Number
2.11
R a y le ig K Number 
5 .0 1 6  X 10^
Frequency
2 .1 8 9  X 10
Wavelength




4 ,5 6 9  X 10-2
Temperature Gradient
1 .1 5 4  X 10-3
Prandtl Number




2 .1 8 8  X 1 0
Wavelength
3 .7 2 8
G ill  Model
Shear
4 .6 0 9  X 10-2
Temperature Gradient




7 . 6 9  X 10^
Frequency 
2 .188  X 10
Wavelength
3 .128
In a l l  three cases: r ig id - r ig id ,  f r e e - f r e e , and r ig id - fr e e ,  for  
the reduced polar model in s t a b i l i t y  i s  only p o ss ib le  fo r  P le s s  than 
0 . 3711 . This value i s  cer ta in ly  greater than a l l  the w e ll known 
molten m etals. The la rg est value i s  o f  mercury 0.0264* For a vaUe 
of P larger than 0.3711 i t  can be seen from the denominator of (3 .59)
v iz :
u . ,  -  T 2_  (, V î ' p + t e 3 .9 0
that th e s ta b il iz in g  e f fe c t  o f the v e r t ic a l  temperature becomes too  
great for the o s c i l la t io n s  to  occur#
A further computer program (see  appendix I program 5 ) was 
constructed . Employing the r ig id -con d u ctin g  boundary c r i t e r ia ,  the
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fo llow in g  v a r ia tio n s  were carried out in  a cyclic  pattern .
( i )  the outer radius f ix ed  at 40 mm
( i i )  the inner radius varied  fo r  four v a lu es , namely, 10 mm,
13*75 mm, 21.25 mm, 25 mm
( i i i )  the depth o f the f lu id  varied  at each radius from 7 mm to
10 mm in  step s o f 1 mm
(iv ) the r a d ia l d istan ce at each depth stepped from R = Hi + 1mm 
Ro + Rito in  step s of 10 mm
At each increment the fo llow in g  inform ation was printed  out: 
depth o f f lu id ,  aspect r a t io , ra d ia l d is ta n ce , Rayleigh number, 
frequency, wavelength, Prandtl number
There was a v a r ia tio n  in  the Rayleigh number and the resp ectiv e  
minimum and maximum valu es are l i s t e d  below with the ad d ition a l printed  
v a r ia b le s .
( i )  depth 
7 mm
aspect r a tio
2.667 X 10“ ^
r a d ia l d istance  
2.475 X 10  ̂ ram
Rayleigh number frequency Wavelength Prandtl number
1 . 0 3 5 3 3  X 10^  2.1829 X 10^ 3*72817 3 .7 2 5 2 4  X 10
( i i )  depth
1 X 10 mm
aspect r a tio
3.333 z  10-1
ra d ia l d istan ce  
1.1 X 10  ̂ mm
Rayleigh number frequency Wavelength Prandtl number
.11.04511  X 10  ̂ 2 .18286  X 10  ̂ 3.72817 3 .72524  X 10
The work o f Skafel (l972) revealed  an important fea tu re , namely, 
that the v e r t ic a l  temperature gradient v a r ie s . Follow ing sim ilar  
l in e s  to  G ill  (l974) a f in a l  program to  ca lcu la te  the c h a r a c te r is t ic s
3 1
o f the i n i t i a l l y  marginal stab le  disturbance fo r  varying values o f  
and the corresponding value of Ra and the r a t io  o f the wavelength  
to  th e  depth associated  w ith the value of which minimtunizes Ra 
was w ritten . The value of was a lso  ca lcu la ted . The boundary
con d ition s were: R igid -R igid , R igid-F ree, and Free-Free and in  the  
three cases for  conducting boundaries. The r e s u lt s  are d isplayed  
in  fig u res: 4a, 4b and 4c . From the graphs i t  i s  in te r e s t in g  to  note 
that the most marked change in  the Rayleigh number occurs w ith the  
r ig id -r ig id  conducting case. This mainly i s  due to  the r e la t iv e ly  
sm aller values o f the non-»dimensional shear and temperature gradient 
in  comparison to  the other boundary con d itio n s, and they appear in  the 
denominator of expression (3*89)• Furthermore, w ith r ig id  boundaries 
the temperature gradient commences growing at the point where the  
f lu id  motion i s  more strongly  in h ib ited  by v is c o s ity ;  conversely at 
a n on -rig id , s tr e s s - fr e e  or free  boundary the motion can commence much 
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FIGURE ( 4o )
VARIATION OF WAVE LENGTH IN THE AZIMUTHAL DIRECTION WITH TEMPERATURE 
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(i)  Experimental Apparatus
The apparatus was constructed as follow s: The outer radius
Ro, was machined from a block of austensibbstain less s te e l;  i t  
has the important property that i s  non-magnetic. Five hollow 
'cones* of ra d ii Ri were also machined from the same m aterial. The 
radius of the outer cone was 40 mm, and the respective ra tio s  
Ro/Ri were: 4 > 2*91 , 2 . 28 , 1 . 88 , 1 . 66 . Each of the hollow cones 
were machined with a thread so that i t  could be screwed, with an 
e ffe c t iv e  sea lan t, into the outer cone forming the cy lin d rica l bath.
Water could be circulated through the inner cone from a constant 
head apparatus. The bath was screwed into a large iron mass with 
le v e llin g  screws on the base and i t  in  turn rested  on a platform of 
damping m aterial. Between the cast iron mass and the bath base was 
a circu lar d isc  of asbestos to  minimize heat lo sse s  from the bath 
base. The lower mass had a small centre hole so that rubber tubing 
could be connected to  the lower end of the cone. Around the outer 
radius was a c lose f i t t in g  heating c o il  which was non-inductively  
wound so as to counteract ar^ induced o s c il la t in g  magnetic f ie ld s  
in  the working f lu id . Any gaps between the c o il  and the outer 
radius was f i l l e d  with a sp ecia l conducting s ilic o n e flu id  to avoid 
any 'hot spots* on the outer surface of the bath. The c o il  was then 
supplied from a d irect current power source. Temperature measurements 
were carried out by thermocouples having a composition of N ickel- 
Chromium/Nieke 1-Aluminium and had a diameter 3.15 x 10~Vm.
The thermocouples were mounted on a platform each ' spaced* at 
a fixed  angle of 120° . The platform could be raised  or lowered by 
a screw thread attached to a metal circular scale graduated in  100 
d iv is io n s. The platform was constrained to move cm a r ig id  p il la r .
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with a keyway, to  ensure only movement in  the v e r t ic a l  d ir e c t io n .
A. r o ta tio n  of 3^0 degrees ra ised  or lowered the platform 1mm*
This movement was for v a r ia tio n  the z d ir e c tio n .
The platform could a lso  he rotated  through an angle o f 120° .
This r o ta tio n  corresponded to  v a r ia tio n  in  the azimuthal d ir e c t io n . 
F in a lly , each o f the thermocouples was mounted on a micrometer screw 
one rev o lu tio n  o f a knurled nut, which has 10 d iv is io n s  indented on 
i t s  outer periphery, corresponds to  a movement o f 1 mm in  the ra d ia l 
d ir e c t io n .
These resp ectiv e  movements weieused to measure any sp a t ia l  
d iffe re n c e s  occurring in  the working f lu id .  However, another 
m od ifica tion  was a lso  used namely a ra d ia l probe. This comprised of 
an arm on which the thermocouples were mounted at equal in terv a ls ;  
and the temperature f lu c tu a tio n s  measured along a ra d ia l l in e .
The whole of the apparatus was enclosed in  a transparent, p la s t ic ,  
rectangular box w ith a fan mounted in  the top of one corner. From 
a lower corner was an o u tle t pipe so that any fumes, generated in  
the apparatus, could be driven in to  the extern al atmosphere.
The output from the thermocouples was taken v ia  screened cables
to  a th ree channel recorder. The temperature d ifferen ce  across the 
c e l l  was measured by means of thermocouples in  contact w ith the 
resp ec tiv e  cones. The outputs of th ese  la t te r  thermocouples were 
connected to  a Comark e lec tr o n ic  thermometer, graduated to  10 deg. C.
The depth o f mercury was se t  by introducing a ca lcu la ted  mass
in to  th e bath, however, no allowance was made in  the experiments for
the s l ig h t  increase in  depth due to  the surface ten sio n  e f fe c t  at 
the s id e s  of the bath.
At an early  stage in  the experim ental observations i t  was decided  
th at a l l  temperature measurements should be made w ith in  the mercury
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and never in  contact with the outer and inner cones. This would 
avoid any spurious en d -e ffec ts  due to  thermal tra n sfer  processes and 
lo ca l convective in s t a b i l i t i e s .
The m ajority of experiments were conducted w ith the thermocouple 
ju n ction s ju st 1 mm below the surface.
A sequence o f experiments was conducted fo r  each annulus. These 
were designed to  determine the c r i t i c a l  R ayleigh number required to  
in i t ia t e  temperature o s c i l la t io n s  and the nature o f the o s c i l la t io n s  
with in creasin g  temperature grad ien t. M en the stru ctu ra l s ta te  
was found w ith in  the c e l l ,  a s e r ie s  o f measurements were taken to 
determine how the temperature o s c i l la t io n s  varied  w ith ra d ia l 
p o s it io n . Experiments frequently  showed a regular amplitude 
modulation, e sp e c ia lly  in  the structural s ta te . This modulation had 
been noted by other workers^Bolt ( 1975) and ' ' Caldwell ( 1974/*
The la t t e r  worker noted the modulation, shown in  one o f h is  diagrams, 
as a ty p ic a l c h a r a c te r is t ic , p o ssib ly  being created by the movement 
of the convection c e l l s ,  r e la t iv e  to  h is  temperature measuring 
therm istor. The former worker found during a s e r ie s  o f experiments 
employing a d if fe r e n t ia l  thermometer the r e s u lt s  ind icated  a rhythmic 
r is e  and f a l l  o f amplitude in ferr in g  a wavelength.
The recorder channels were ca lib rated  by employing a standard 
c e l l  with a su ita b le  potentiom eter constructed from high s t a b i l i t y  
r e s is to r s  and each channel ca lib ra ted  in  step s up to  a f u l l  sca le  
d e fle c t io n  of 1 mv.
F in a lly , the paper drive speed at a se lec ted  s e t t in g  was a lso  
measured. The calibrated  value found was employed in  a l l  the frequency 
ca lcu la tio n s .
The required depth of mercury was obtained by p lac in g  a 




1 . 6  4.149  X 10
1.88 4.887 X 10”^
2.28  5.507 X 10"^
2.91 6.004 X 10"2
4.00  6.383 X 10“^
Each resp ectiv e  mass corresponded to a depth of 1 mm. Since
the i n i t i a l  and subsequent increm ental masses were measured to  
-5
10 kg the mercury depth was known to  a high degree o f accuracy.
S p ecia l care, however, was taken to adjust the bath so that the base 
lay  in  a h orizon ta l plane by means of s p ir i t  le v e ls .
Turning now to  the next sec tio n  which comprises of the experiment 
r e s u lt s  and observations. These have been presented in  in creasin g  order 
of c e l l  length  Ro -  R i. At each stage the apparatus had to  be dismantled  
to  in se r t the new core. The new bath was le v e l le d  and the recorder  
reca lib ra ted  at each sta g e . As the depth o f f lu id  increased the 
temperature d ifferen ce  across the c e l l  was reduced. L ikewise, with  
in creasin g  c e l l  lengths a corresponding decrease in  temperature 
d ifferen ce  a lso  occurred. This exp lains why i t  i s  not p o ssib le  to  
always m aintain the same temperature d iffe re n c e s  in  a l l  the experim ents. 
Hence, both the temperature d ifferen ce  and the Rayleigh number are 
quoted in  each of the fo llow in g  ta b le s . The o s c i l la t io n s  were not 
s in u so d ia l but with harmonics superimposed. This i s  why a comment 
column i s  included in  each ta b le . This procedure i s  confirmed by 
the r e s u lt s  i l lu s tr a te d  in  f ig u re s  ( l 2) and (1 3 ) .
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( i i )  R esu lts and D iscussion  
TABIE 5
R esu lts  for  c r i t i c a l  Rayleigh number w ith aspect r a t io .
= 1.6  Ro -  Ri = 15 mm
Aspect r a tio  Temp, d ifferen ce  C r it ic a l Comments
d ifferen ce
Deg. C. Rayleigh Number
0.267 14i 4 876 Small o s c i l la t io n s
mainly harmonics 
small amplitudes
0.333 12.0  1762 Fundamental with
mainly harmonics 
small amplitudes
0.400 10.5 3211 Fundamental with
large amplitudes 
(s tru c tu ra l s ta te )
0.467 9 .0  5114 Fundamental with
harmonics small 
amplitudes
0.533 8.1  7733 Small amplitude
o s c i l la t io n s  mainly 
harmonics
0.600 6.25 1533 Small amplitude
harmonic o s c i l la t io n s
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TABLE 6
Structured S tate  R esults
Ro = 1 . 6 , Aspect r a tio  = 0 , 4  (Measured amplitudes peak to  peak)
Ri
(a) H orizontal p o s it io n  of probes * 3*75 mm from outer radius
Rayleigh Number Frequency Amplitude Comments
Hz Deg. C.
4435 0 .083 0 .7  Narrow spectrum
6881 0.091 1.25 Narrow spectrum
small second harmonic
8258 0.091 1.25 Narrow spectrum
with second harmonic
9482 0.092 1.5 Narrow spectrum
w ith second harmonic
(b) H orizontal p o s itio n  o f probe « 7»5 mm from outer radius
3976 0 .083 0.625 Narrow spectrum
6729 0.093 1.00  Narrow spectrum
second harmonic 
present
8253 0 .100  1.00  Narrow spectrum
9940 0 .104 1.75 Narrow spectrum
w ith small harmonic
~  = 1 . 6 , Aspect r a tio  = O.4 (Measured amplitudes peak to  peak) ui
(c) H orizontal p o s itio n  of probe = 11.25  mm from outer radius
Rayleigh Number Frequency Amplitude Comments
Hz Deg. C.
4281 0.101 0 .625 Narrow spectrum
5200 0.943 1.25 Narrow spectrum
7035 0 .102  1.375 Narrow spectrum
small d is to r t io n
8716 0.104 1.625 Narrow spectrum




AMPLITUDE VARIATION WITH ASPECT RATIO FOR Ri = 1.6 AND TEMPERATURE 
GRADIENT = 2.00  deg. C. mm*"̂
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small second 
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R esu lts for  c r i t i c a l  Rayleigh number w ith aspect ra tio
Ro * 1. 8 8 , Ro -  Ri » 18.75  nim
Ri
Aspect R atio  Temp, d iffe r e n c e  C r it ic a l  d if fe r e n c e  Comments
Peg. C. R ayleigh  number
0 .2 1 3  19.6 942 Narrow spectrum
w ith harmonics
0.267 11.95 1416 Harmonics w ith O.5
deg. C. peak to  peak 
amplitude
0.320 10.75 2630 Irregu lar wave form
0 .5  deg. C. peak to  
peak amplitude
0 .373 8 .5  3839 Narrow spectrum
second harmonics 
peak to peak 
amplitude 0 .2  deg. C.
0 .384  8 .00  4059 Narrow spectrum w ith
harmonics
0.400 8,02  4780 Narrow spectrum
w ith  sm all harmonics 
( s tr u c tu r a l s ta te )
0,427 6 ,48 5026 Harmonics peak to
peak 0 .5  deg. C.
0 ,480  6 .00  7436 Harmonics very small
amplitudes




Structured S tate  r e s u lt s
Ro = 1*88 Aspect r a tio  0 *400 , Ro Ri = l 8*75 mm = Amplitudes 
Ri
measured peak to  peak
(a) H orizontal p o s it io n  of probes * 9*38 mm from outer radius
R ayleigh  Number Frequency Amplitude Comments
Hz Deg. C.
6571 0.061 0 .7  Narrow spectrum
11948 0.0769 0 ,85  Narrow spectrum small
second harmonic
15651 0.0806 2,1 Narrow spectrum
16427 0.0909 1,75 Narrow spectrum very-
sm all second harmonic
(b) H orizontal p o s it io n  o f probes -  12.5  from outer radius
5974 0 .059 0 . 6  Narrow spectrum
10454 0.0714 0 .7  Narrow spectrum
14135 0.0746 1.25 Narrow spectrum small
second harmonic
16250 0.0769 2 .6  Narrow spectrum
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FIGURE MJMBSR 6
AMPLITUDE VARIATION WITH ASPECT RATIO FOR TEMPERATURE
! ill
GRADIENT = 1,44  deg. C. mm-1
0 . 3  ■_ 0 . 4
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Amplitude v a r ia tio n  with aspect r a tio  for  —Ro = 1 . 8 8 , Ro -  Ri » 18,75 inm


























Narrow spectrum with 
harmonics
Narrow apectrum with  
second harmonic
Narrow spectrum very 
small harmonic
Very irregu lar  wave form
Irregu lar wave form
Very irregu lar  wave form
I l l
TABLE 11
R esu lts for c r i t i c a l  Rayleigh number w ithæ p ect r a tio
Ro * 2 . 2 8 , Ro -  Ri = 22.5  am
Ri
Aspect R atio Temp. C r it ic a l Frequency Amplitude and Comments
d ifferen ce  d ifferen ce
Deg.C. Hz Peak to  Peak Deg. C.
0.179  19*0 788 0 .194  0 .2 5  Narrow
spectrum




0 .222  13.1 1278 0 .100  0 .25  Narrow
spectrum 
(structured  
sta t^  w ith  
harmonics




0.356 8 .5  5476 0.091 0 .2  Irregu lar
wave form 
amplitude













Structured State r e s u lt s
Ro #  2 .2 8 , Ro -  Ri = 22.5 mm 
Ri
H orizontal p o s itio n  of probes
are measured peak to  peak
Aspect r a t io  = 0 .200
R ayleigh Number Frequency
Hz























Narrow spectrum with  
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AMPLITUDE VARIATION WITH ASPECT RATIO FOR = 2.28  FOR FIXED : I p p  






Amplitude v a r ia tio n  with aspect r a tio  for
and temperature gradient = 1 .2  deg# C. mm 
Aspect Ratio Amplitude
De&_C,
0 ,179  0 . 3
0 .200  1,25


























0 .444 0 .5 Irregular wave form
l i s
TABLE 14
■Results for c r i t i c a l  Rayleigh number w ith aspect r a tio
= 2 .9 1 , Ro -  Ri = 26.25 mm
Aspect Ratio Temp. C r it ic a l d ifferen ce  Comments
d ifferen ce  Rayleigh Number
0.1520 18 615 Irregular wave form
small amplitude
0.1910 15.4 1138 Narrow spectrum small
harmonic frequency » 
0.926 Hz peak to  peak 
amplitude = 0 .35  deg. C. 
(structured s ta te )
0.2000  12.2  1250 Narrow spectrum small
harmonic frequency» 
0.0100  Hz peak to  peak 
amplitude = O.3O deg. C. 
(structured s ta te )
0.229 10.9 1923 Irregu lar wave form
w ith frequency 0.0833  Hz 
small amplitude
0.267 10.45 3400 A small harmonic w ith
narrow spectrum 
fundamental frequency 
0.111  Hz sm all amplitude 
0 .2  deg.
0.305 8 .5  4696 Harmonic frequencies
amplitude 0 . 2  deg. C.
0 .343 7 6195 Narrow spectrum with
harmonic amplitude 
0 .2  deg. C. frequency -  
0.111 Hz
0.3810 6.1 8230 Narrow spectrum with
harmonics (structured  
sta te )  amplitude
0.25 deg. C.




Structured. State r e s u lt s
» 2.91 > Ro -  Hi * 26.25 mm Aspect r a t io  =» 0 ,1910
Am plitudes measured peak to  peak
H orizontal p o s itio n  of probes = 13*125 mm from outer radius
R ayleigh  Number Frequency Amplitude Comments
Hz Deg. C.
1686 0,126 0,9 Narrow spectrum
1940 0.0833 1.125 Narrow spectrum
sm all second harmonic
2360 0.0926 1.20  Narrow spectrum
sm all harmonics
2782 0.1064 1,53 Narrow spectrum
very  sm all harmonics




Structured State r e s u lt s
■§r = 2 .9 1 , Ro -  Ri » 26.25 mm aspect r a t io  » 0.2000Ki
a) H orizontal p o s itio n  o f probe = 6 .56  mm from outer radius
b) H orizontal p o s itio n  of probe = 13*13 aim from outer radius
c) H orizontal p o s it io n  o f probe = 19*69 mm from outer radius
Amplitudes measured peak t 0 peak














2562 0.167 0.165 0.165 0.625 0 . 4 0 .5
3074 0.111 0.101 0.120 0.7  0 .5 0 . 4
3330 0.111 0.111 0.982 1.0  0.6 0*5
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TABIÆ 17
Structured State r e s u lt s
Ro = 2 ,9 1 , Ro -  Ri = 26.25 mm aspect r a tio  = O.38IO 
Ri
Amplitudes measured peak to peak




















Irregu lar wave form 
w ith harmonics






RûAMPLITUDE VARIATION WITH ASPECT RATIO FOR ^  -  2.91 FOR FIXED' i !-[! ' 
TEMPERATURE GRADIENT = O.83BI deg.Cnm”^
Deg. G.
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Amplitude va r ia tio n  w ith aspect r a tio  for ~  = 2 ,9 1 , Ro -  Ri » 26.25 mm
and a temperature gradient = 0.8381 deg, C. mm ^
Aspect Ratio Amplitude Comments
Deg, C.
0,1520 0 .4 Irregular w^ve form
0,1910 0,7 Narrow spectrum
0.2000 0 .75 Narrow spectrum very 
small harmonics
0,229 0,45 Irregu lar wave form
0.267 0 ,2 Harmonics
0.305 0 .2 Irregular wave form
0.343 0 .3 Irregular wave form
0.3810 0,55 Narrow spectrum 
harmonics
0.400 0.1 Irregular wave form
small amplitude
FIGURE 9 ' \ ; 1 ;. "
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TABLE 19
R esu lts  for  c r i t i c a l  Rayleigh number w ith aspect ra io
= A, Ro -  Ri = 30 mm
Aspect r a tio  Temp. C r it ic a l Comments
d ifferen ce  d ifferen ce
Deg. C. R ayleigh  Number
0 .167 11.15 822 Harmonics
>.20 10.1 1530 Narrow spectrum harmonics 
0 .709  Hz (s tru ctu red  s ta te )
0 .2 3 0 7 .5 2126 Narrow spectrum  w ith  
harmonics
0 .27 7 3383 Harmonics ir r e g u la r  wave form' ' ' 1 1 1 1 1 . C 1 1 1 . 1 , 1
0 .3 6 .2 aboo Harmonics
0 .3 3 3 5 .5 6A90 Harmonics
0 . A66 3 .9 6737 ^arrow spectrum sm all harmonics
O.A 3 .5 8563 Narrow spectrum stru ctu red  
s t  a te
0 .A33 3 10110 Narrow spectrum w ith  harmonics
0 .A6 2 .9 131A5 Narrow spectrum w ith  harmonics




Structured, S tate  r e s u lt s
Rg = 4 ; Ro -  Ri = 30 mm aspect r a tio  
Ri
0 .200
Amplitudes measured peak to  peak
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Ro ' :AMPLITUDE VARIATION WITH ASPECT RATIO FOR ~  = 4 FOR FIXED TEMPERATURE
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^GI^IENT = 0.6677 deg. C. mm-1
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Amplitude v a r ia tio n  with aspect r a t io  for  ^  = 4 , Ro -  Ri « 30 mm
and a temperature gradient = 0.6677  deg. C. mm ^
Aspect Ratio Amplitude Comments
0.167 1.0  Mainly harmonics
0 . 2  1.25 Narrow spectrum
w ith small harmonics
0 .23  1*1 Narrow spectrum w ith
harmonics
0 .22  1.0  Harmonics w ith
irregu lar  wave form
0 .3  1.2  Harmonics with
irregu lar  wave form
0.333 0 .6  Harmonics
0.366 2.1  Narrow spectrum
w ith harmonics
0 .4  2 .% Narrow spectrum
0.433 1 .3  Narrow spectrum
w ith harmonics
0.46  0 .7  Harmonics
0 .5  0 . 2  Irregular wave form
sm all amplitude
FIGURE 11





0.60 .50 . 2
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TABIE 22
The r e s u lt s  for  marginal s t a b i l i t y  for  mercury at the structured  
s ta te s
Ri 1.60  Aspect r a tio Racr <5 c
0.400 2950 25.75 0.613
1.88 0.400 4780 29.57 (0 .64)
2 .28 0 .200 1096 27.58 1.99
0.422 7033 55.2 (0 .9 2 )
2.91 0.2000 1250 30.18 1.26
0.381 8230 52.24 (0 .87)
4 0 .200 1530 22.00 0.79
0.400 8536 53.38 (0 .82)
The th e o r e tic a l values are obtained from Table ( z # ) . The values  
in  brackets are obtained by ex trap o la tion . The value of ^
where Vx^is the angular frequency and the other symbols are understood.
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D iscuss ion
I t  i s  w e ll  known: S c h lu te r ,  Lortz  and Busse ( 1961) ,  Davis
( 1968) ,  S to rk  and M uller (1972) t h a t  i n  a re c ta n g u la r  box th e
convective s t r u c tu r e  ju s t  above onset o f  convection consists of
s t r a ig h t  r o l l s  p a r a l l e l  to  s h o r te r  s id e  o f  a re c ta n g u la r  frame.
In  th e  work o f Dubois and Berge (1978) fo r  low s u p e r c r i t i c a l
Rayleigh numbers the  r o l l s  were s e t  up p r e f e r e n t i a l l y  w ith  a c r i t i c a l
wavelength of order 2d th e  wavelength co n s tan t in  t h e i r  c e l l
co n f ig u ra t io n  up to  e = 10 where e = Ha — Racr
Racr
The experim ental value o f  Racr i s  o f  th e  order I 6OO. They 
noted , however, th a t  s t r u c tu r e s  w ith  th e  wavelength not equal to  the  
c r i t i c a l  wavelength can be ob ta ined  and m ain tained  w ith in  th e  same 
tem perature  range. Another im portant f e a tu r e  i s  th a t  the  s t r u c tu r e  
was e s s e n t i a l l y  two d im ensional. Allowing f o r  end flow the  fo llow ing  
p r e f e r e n t i a l  flow p a t te rn s  or s t ru c tu re d  s t a t e s  f o r  the  s e r i e s  of 
experim ents, conducted in  th e  t h e s i s ,  would be: 
h = 0 . 4  two convective loops
h = 0 .2  fou r  convective loops
Aspect r a t i o  Wavelength
Ro 
Ri
= P red ic te d Experim ental (mm)
1.6 0.400 0.400 12
1.88 0.400 0.400 15
2 .28 0.400 0.422 19
0.200 0.200 9
2.91 0.400 0.381 20
0.200 0.200 10.5
4 0.400 0.400 24
0.200 0.200 12
m
These r e s u l t s  are a lso  in  agreement w ith  th e work o f D avis
(19675 1968). He drew th e fo llo w in g  co n c lu sio n s:
( i )  d if f e r e n t  boundary co n d itio n s  y ie ld  d r a s t ic a l ly  d if f e r e n t  c r i t i c a l  
R ayleigh  numbers
( i i )  th e  p referred  mode o f c e l l  p a ttern  i s  always some number o f  
f i n i t e  r o l l s  two non-zero v e lo c it y  components dependent on th ree  
s p a t ia l  v a r ia b le s  w ith  a x is  p a r a lle l  to  the sh orter  len g th  w ith  
the n a tu ra l e x c lu s io n  o f  square boxes
( ii i)w h e n  th e  depth i s  the sm a lle st dim ension the f i n i t e  r o l l s  o f  near 
square cro ss  s e c t io n  are p red ic ted
These two la s t  ob serv a tio n s are in  agreement w ith  th e  experim ental 
o b serv a tio n s .
Hurle e t a l ( 1974)» s t a t e s  th a t ,  the b a s ic  flow  p a ttern  i s  a sim ple  
co n vective  loop w ith in  the l iq u id  m eta l, r i s in g  at the hot thermode 
and descend ing at the co ld  thermode. T his i s  a co n c lu sio n  which should  
be viewed w ith  cau tio n . B olt ( 1975) suggested  th e e x is te n c e  o f a s e t
o f r o l l s  having a r o l l  len g th  o f the order o f 10 mm; t h is  i s  a
reasonab le co n c lu s io n . The ta b le  below i l lu s t r a t e s  the ty p ic a l  p a ttern  
o f B o lt ’ s r e s u l t s :
Length o f  Bath Depth o f  f lu id  Number o f probable
_______ (mm)______  (mm)______ w avelengths
9 9 .2  6 8 or 7
9 9 .2  7 8 or 9
99 .2  8 6 or 5
Furtherm ore, he concluded th ere  was no dépendance o f  frequency w ith  w idth  
of b oa t. T h is co n c lu sio n  was to  be expected as the r o l l s  have symmetry 
about an a x is  p a r a lle l  to  the sh orter  s id e  o f  th e  b oat. In  th e annular 
co n fig u ra tio n  when b a f f le s  were introduced  in  a r a d ia l d ir e c t io n  a 
s im ila r  fe a tu r e  occurred th a t th e se  b a f f le s  d id  not a l t e r  the frequency
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or amplitude.
The p re feren tia l mode of convective r o l l s  in  the annular 
configu ration  would he sim ilar  to  the box geometry; however, the r o l l s  
w il l  be constrained in to  an arc of a c ir c le  due to  the w alls o f the 
container and they w il l  have doughnut or torous shape. This shape 
does not have the s t a b i l i t y  o f the box geometry. The s id e  w alls  of 
the box tend to  s ta b il iz e  th is  form of disturbance. O sc illa t io n s  in  
the annular geometry are genera lly  not s in u sod ia l having harmonics 
superimposed on the fundamental frequency; th is  could be explained  
as due to  the absence of side w alls  to  s ta b il iz e  the disturbance.
Figure (14) i s  a p ossib le  m an ifestation  o f the Ahlers ( 1974) phenomena.
The -*^orentz (1963) model i s  obtained by working with three
Fourier components in  the truncated Boussinesq equations:
( i )  one mode of v e lo c ity  p o ten tia l
( i i )  one temperature mode with fundamental c e llu la r  wave numbers
( i i i ) a  second temperature mode, (a  second harmonic in  z that has no 
X or y p e r io d ic ity  and th at contributes to  the mean heat flow)
The fo llow in g  con stra in ts  apply:
( i )  for free  boundaries
Hence for  c e l l  length  15 nim and depth of 6 mm 
optimum wavelength = 16.97 mm
( i i )  for r ig id  boundaries
= 9*92 mm
(iii)e x p e r im en ta l value 
optimum wavelength = 12.09 mm
The c e l l  length , experim entally , l i e s  between th ese two values of 
optimum wavelengths so we can conclude there i s  reasonable agreement 
between the Lorentz model and the experim ental r e s u lt s .
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The ex isten ce  of a c r i t i c a l  temperature gradient i s  confirmed 
by a ty p ic a l s e t  of r e s u lt s  see figu re  (9 ) . However, Bolt ( 1975) 
did not observe any c r i t ic a l  temperature grad ien ts. This i s  due to
the fa c t  th at the Rayleigh number v a ries approximately in verse ly
with the boat length  (see  fig u re  (7) Hurle (1 9 7 4 )). B otl ( 1975) was
working at the ‘ t a i l  end' of the curve.
Examination o f the amplitude va r ia tio n  w ith aspect r a tio  at 
resp ec tiv e  f ix e d  temperature gradients see f ig u re s  (5» 6, 7 and 8) 
revea l a decrease in  the sharpness and coupled with a general decrease  
in  the magnitude o f the curves for in creasin g  c e l l  length . I t  appears 
p o ssib le  for  the structured s ta te  to  adjust the length  of the convective  
r o l l s ,  w ith in  a r e la t iv e ly  large c e l l  length and produce optimum 
wavelengths. Hence, th is  afford s a p a r tia l explanation why i t  i s  
d i f f i c u l t  to  d etect changes in  the structued s ta te  in  boats of large  
length . These conclusions in  the main are a lso  true for the frequency
v a r ia tio n  w ith increasin g temperature gradient. The va r ia tio n  which
Hurle (1974) and Bolt ( 1975) reported are to  be found at the greater  
c e l l  length  in  99»3 mm. Another feature of B o lt 's  ( 1975) work i s  
i l lu s t r a t e d  below.
Rayleigh Number Temperature Gradient Aspect Ratio
deg C mm
222 0.1 0.051
444 0 .2  0.051
The general consensus of opinion i s  that there i s  no change from 
conduction mode to  convection mode u n til  the Rayleigh number i s  of the 
order of 1000. Yet in  the above tab le  o s c i l la t io n s  are occuring at 
a minimum Rayleigh number of the order o f 200,
Work was a lso  carried out using gallium  as the working f lu id
using the fo llow in g  dimensions Ro = 1.6  w ith aspect r a t io s  0 . 333»
Ri
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0 ,400  and O .46I. The f lu id  was h eated , in  each in s ta n c e , to  a 
tem perature d if fe r e n c e , across the hath o f 40 deg C. However, 
o s c i l la t io n s  o f a sm all frequency were obtained  w ith  correspondingly  
sm all am plitudes. I t  v/as d i f f i c u l t  to  determ ine whether the c r i t i c a l  
tem perature had r e a l ly  been exceeded. The r e s p e c t iv e  R ayleigh numbers 
are:
( i )  Ra^ = 3  5 4 - X 10̂
' Hg L
( i i )  Ra^  ̂ =
where cL (U\A. L are meansured in  pr\^ i s  measured in  deg 0 .
^'ence, to  produce the same R ayleigh  number approxim ately te n  tim es  
the tem perature d if fe r e n c e  i s  req u ired . T his ex p la in s  the n eg a tiv e  
nature o f our r e s u l t .  In  S k a fe ls  ( l 9?2 ) work see h is  ta b le  2 , the  
peak to  peak am plitudes were:
( i )  maximum amplitude = 7 .8  x 10  ̂deg C
( i i )  minimum amplitude = 1.6  x 10  ̂deg C
V a r ia tio n s  o f t h i s  order would be very d i f f i c u l t  to  d e te c t  in  our 
apparatus and s im ila r  tem perature measuring d e v ic e s  employed g en era lly .  
Furtherm ore, th ere  appeared no s p e c i f i c  requirem ent o f  an in te g e r  
number o f waves around the annulus in  the stru ctu red  s t a t e .
From th e work of Dubois and Berge (^978) th e maximum magnitude 
of th e wave p r o f i le  in  the stru ctu red  s ta te  has the fo llo w in g  v a lu es  
at e = 5*76 and z = 0.22d  
The h o r iz o n ta l components
( i )  fundamental = (337 ±  10) x 10 ^ms ^
( i i )  f i r s t  harmonic = ( l 3»7 _+ I) x 10 ^ms
( i i i ) s e c o n d  harmonic = (19 Hr I) x 10 °ms ^
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The v e r t ic a l  component
( i )  fundamental = (340 4 10) x 10 ^ms ^
( i i )  f i r s t  harmonic = ( 1.7  +, 2) x 10 ^ms ^
( i i i ) s e c o n d  harmonic= (58 + 5) % 10 ^ms ^
There i s  a conservation of mass in  a square r o l l  because the
fundamentals of both components are nearly equal. For low values of
e , the th e o r e tic a l expression which g iv es  the maxiium amplitude of
the fundamental in  the v e r t ic a l  component i s  given by = 0 *4 ^ o 3 X 6
cL
where a i s  the dim ensionless wave number given by
r  %*4 tL VAiUxrx Ag; -  A  tx<_— ^  — 3 * \ nCL ___
\c
Notj at a fix ed  value o f ,  e , the v e lo c ity  amplitude i s  dependent only
on the thermal d if fu s iv i ty  of the convective f lu id ,
Hov/ Dubois and Berge ( l 978) worked with s i l i c o n e o i l  and comparing the  
values they obtained experim entally with gallium  and mercury v/e have:
X  m » € '  ^  m ' s '
s i l ic o n  o i l  1*15 x 10 1.05 x 10
-6  -7mercury 4*46 x 10 1.19  x 10
gallium  1.39  X 10‘  ̂ 2 .78 x 10~?
* "6 1For s i l ic o n  V  ̂ max = 340 x 10 ms
-2  -1For mercury \f   ̂ max = 1.32  x 10 ms
For gallium  V   ̂ max = 1.7  x 10 ^ms ^
This i s  employing the method of proportions.
Turning now to the Reynolds number; le t  the e f fe c t iv e  length be,
say, 10 mm then resp ectiv e  Reynolds numbers w il l  be
Re = 1109mer cury
Re - ,  = 6 l 1gallium
Re s ilico n & o il = 0.029
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This i s  in d ica tiv e  that the o s c i l la t io n s  are induced when r e la t iv e ly
high v e lo c i t ie s  are present in  the structured s ta te .
A b a ff le  system has been constructed for the suppresion of 
temperature o s c i l la t io n s  and used in  conjunction w ith a crucible for  
barium strontrum niobate c ry s ta l growth* The b a ff le  and the crucib le  
were constructed from platinum and the support wire constructed  
from platinum^rhodium a llo y . The b a ff le  was mounted h orizo n ta lly  
and reduced the e f fe c t iv e  height o f the liq u id . With the b a ffle  
absent temperature o s c i l la t io n s  had an amplitude o f 1 deg C peak to  
peak. Then with the b a ffle  in  the optimum p o s it io n , which was found
to  be one quarter the depth of the crucib le from the upper surface,
the o s c i l la t io n s  were reduced to  le s s  than 0.1  deg C peak to  peak.
However, i t  has been pointed out by W hiffin and Brice ( 1971) and
( 99) Brice et a l ( l 97 l)  that net a l l  the fa c to rs  involved in  the above 
configu ration  are fu l ly  understood,
o  v4  ̂  ̂ t  b e  o  <x
rvuivxbec \S Q. 'Tv-e e  sS  r ^  ciovAci il"»o v)
0 <xVior» s  cutnoI fsob q ^ e - 1\  t” one,
Uv cyu' q\ » n  6 . r ^  ̂ S'Ug.Vn  ̂ K c\< e cq
Uvs:. P̂ CKVNcUi y <2.V’ d o  Aof
'Ço'f’ AA oÇ Oâe»\|a'^tç>ir\S e S c P ‘b«.c3t ,n  r k  e^ l$^
PIQURE MJMBER 12
Ro~  = 1.6 aspect ra tio  = 0 . 26?
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aspect ra tio  = 0.333
V i j " \  I
<0
aspect I ra tio  = 0*4000 (structured gtate)
■co-
asp ect r a t io  = O.i+67 141
aspect r a tio  = 0.533
aspect ra tio  = 0.600
figure 14 The A hlers Phenomena 1À2
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S e c t i o n  ( i i i )
Conclusions and recommendation for  future work
The experimental work has thrown considerable lig h t  on the  
e s s e n t ia l physics of the convective flow pattern of a f lu id  o f low 
Prandtl number when heated from below or from i t s  s id e . I t  has a lso  
brought the understanding of the flow  prop erties of liq u id  m etals 
w ithin the encompassment of general hydrodynamical theory. The 
structure i s  e s s e n t ia lly  two dim ensional when temperature o s c i l la t io n s  
occur. Allowing for  end flow  the fo llow in g  p r e feren tia l flow patterns  
or structured s ta te s  for the ser ie s_ q ^  experiments_ conducted in  the  
th e s is  w il l  be;,
(a) aspect r a tio  = 0 ,4
(b) aspect r a tio  = 0 ,2 oooo
Turning now to  the th e o r e tic a l side of the work. We have been 
compelled to  adopt comparatively severe approximations in  order to  
so lve our b a sic  ^avier-Stokes equations with any reasonable f a c i l i t y .  
These approximations were as fo llo w s: o r ig in a lla c k  of knowledge
of b asic  flow  p attern s, approximations employed in  ca lcu la tin g  
s t a b i l i t y  c h a r a c te r is t ic s , the neglect of end e f f e c t s ,  weighted mean 
values o f non-dimensional shear and temperature gradient, so lu tio n  
of a fourth  order d if fe r e n t ia l  equation whereas the derived d if fe r e n t ia l  
equation i s  of eighth order. The p red iction s o f the th e o r e tic a l  
frequency of o s c i l la t io n s  when compared w ith the experim entally observed 
values are remarkable, N evertheless, agreement between experimental 
r e s u lt s  and th e o r e t ic a l pred iction s appear to  be s u f f ic ie n t ly  c lo se  
to  ju s t i fy  the p articu lar  point o f view what we have adopted.
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The Prandtl number has a s ig n if ic a n t e f fe c t  on whether o s c i l la t io n s  
occur or not under our experim ental conditions* When the flo w , for a 
high Prandtl number f lu id ,  i s  in  the tr a n s it io n  region  between 
conduction and convection the magnitude of the v e lo c ity  i s  u su ally  
such that i t  i s  not large enough to  provide a su ita b ly  large v e r t ic a l  
shear s tr a in , which i s  a p rereq u isite  for  the o s c i l la t io n s  to  be 
in i t ia te d  and sustained. While th is  feature, ru le s  out the in s t a b i l i t y  
for in tern a l convection, i t  does not, preclude the p o s s ib i l i t y  o f flow  
conditions such as for example, an extern al source input of mass flow  
which could p ossib ly  increase the v e r t ic a l  shear s tr a in . L ikewise, 
for high Prandtl numbèr f lu id s  the s ta b i l iz in g  efiëct of the v e r t ic a l  
temperature gradient can become too large for  o s c i l la t io n s  to  occur. 
C erta in ly , the structured s ta te  condition  was found to e x is t  in  
low Prandtl number f lu id s ,  when the aspect r a tio  has p articu lar  va lu es, 
Applying th is  observation to  the problem of thermal o s c i l la t io n s  
securing in  the melt when growing c r y s ta ls  i t  should be p o ssib le  to  
reduce th e ir  amplitude considerably. This idea i s  very c lea r ly  
i l lu s tr a te d  by fig u res  (12 and 13)* This w i l l  a lso  produce a correspon­
ding reduction in  the sev er ity  of banding in  the cry s ta l growth when 
the structured s ta te  cond itions are avoided, by su ita b le  choice of 
the dimensions of the melt container. A ltern a tiv e ly , to  introduce 
b a f f le s  in to  the f lu id  which could in h ib it  the formation o f square r o l l s ,  
I t  i s  a lso  p ossib le  that s itu a tio n s  could a r ise  in  m eteorological 
or oceanographic stu d ies  where su ita b le  temperature gradients and 
su ita b le  shear s tra in s  ex isted  to support a temporal o s c il la to r y  
in s t a b i l i t y  analogous to the kind described in  th is  stu d y . The 
fo llow in g  to p ic s  are suggestions fo r  future work:
(a) su ita b le  m odifications to  the apparatus to  produce larger
temperature gradients fo r  the in v e s tig a tio n  o f thermal o s c i l la t io n s
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in  liq u id  gallium  ^
(b) in v e s tig a tio n  of the o s c i l la t io n s  of mercury in  a rectangular  
boat employing in  p articu lar  aspect r a t io s  o f 0 ,2  and 0 . 4 » and 
c e l l  lengths of 3 mm to  20 mm. These experiments have not yat 
been carried out ^
(c) measurement o f the v e lo c ity  of flu id s .a n d  appropriate flow  
p attern s. I t  i s  our conjecture that high r e la t iv e  v e lo c i t ie s  
are a p rereq u isite  for thermal o s c i l la t io n s .  Measurements could 
p o ssib ly  be accomplished by employing the Doppler e f fe c t  with  






(1) Determ ination of Bessel-Meumann Zeros
(2) C alcu lation  of non-dimensional shear and temperature gradient
(3) C alcu lation  of non-dimensional v e lo c ity  and shear for various  
models
(4) Program to  ca lcu la te  shear, temperature, Prandtl number, 
wavelength and frequency
(5) C alculation  of Rayleigh number, frequency, wavelength and Prandtl 
number for R igid-conducting boundaries in  a c y c lic  sweep o f depth 
and ra d ia l d istan ce
( 6 ) C alculation  of computed c h a r a c te r is t ic s  for  R igid -R igid , Free-Free  
and Rigid-Free boundaries
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av; CALCULAT I UN uF ULUoLL ZLRÜS
10 LUT H0=/4 
12 LUT PI = 3 M A I S 9  
15 Æ/Aü HI
20 Ir H1<0 TLLiSi 9 9 9  
25 PHI-Vr HI 
30 FUH S=1 TU 20  
AO LLT H=HO 
50 U2F D = S * P 1 /( H “ 1 )
60 LHTH=A
70 L L f P=(F.-1  ) /C 8 * H )
80 LCr 0 = A * ( F - 1 ) * ( M - 2 5 ) * ( H t 3 “ l ) / C 3 * ( 8 * H ) T 3 * ( H - l ) )  
90 LLT H 2 = 3 2 * ( a “ l ) * ( F H 2 - l l A * a + 1 0 7 3 ) * ( R t 5 - l )
100 LCf H 3 = 5 * ( 8 * H ) t 5 * ( H “ l )
110 LfiF HA=H2/H3
120 LCf X l = D + l V D + ( 3 - p î 2 ) / D î 3




165 LET PRINT S ,K
170 NEXT S
180 PRINT
200 uU f ü  15
210 DATA 1 , 1 - 3 7 5 , 1 » 7 5 , 2 ' 1 2 5 , 2 ' 5 , - 1  
999 Ei\]D
145P.iUuii iiX i\j'J 2 ------
D REX C ALCüLArE SHEAR VALUES R - R ,E -F  ,R -F
10 r u a  D=*007 TU -01 STEP -1
15 PiilNT "DEPri-i"U
20 FUR R=-001 TU -05 STEP -005
25 PRINT "RA13IAL DISTA^CE"R
30 LET E = D /(2 * R )
AO LET P 1 = 3 -1 A 1 5 9
60 LET S l = ( E X P ( E ) - E X P ( - E ) ) / 2
70 L>:r c i = ( e :<?(E)+e 'x p ( - E ) ) / 2
80 LET S 2 = C E X P (2 * E ) -E X P (-2 * E ) ) /2
90 LET C 2 = (E X P (2 * E )4 E X P ( -2 * E ) ) /2
100 LET A l=A *Sl*R -2+D *C l
110 LET A2=8*R*S112“ 2*D*S2
120 LET P 2 = l + P l î 2 / E î 2
130 LET U l= 2 * R t2 * A l* S l / ( D t2 * A 2 * P 2 )
lAO LET T l = ( 2 * P l ) i ( - 2 ) * U l
150 LET u l = C 2 * P l ) t C - 2 )
160 LET L 2 = ( 2 * P l ) T ( - 2 ) * u l  
170 LE T R l = b l / i J l  
180 LET R2=G2/T1 
185 PRINT "R -R "
187 .PRINT U 1 ,T 1 ,R 1 ,R 2
190 LET 3 1 = 1 “ 3 1 /(C 1 * E )+ A * E * S 1 /C A * E t r+A*P1 t 2 )
20 0 LET U2=R12*:i 1 /D 1 2
210 LET T 2 = ( 2 * P T ) f ( - 2 ) * U 2
220 LET b 3 = ( 2 * P T ) t ( - 2 ) * ( l + P l t 2 / 3 )
230 LET G A = ( 2 * P l ) tC - 2 )* G 3  
2A0 LET R3=G3AJ2 
‘RdQ LiET RA=GA/T2 
260 PRINT " F - F "
270 PRIiM T U2 , T 2 , R3 »RA
280 LET F l= D f2 * S l /R -A * R * S l+ 2 * D * C l
290 LET F2=A *S1*C1-2*D *C2/R
300 LET F3=-D12*S1/R+A*R*S1-2*D*C1
310 LET U3=2*RT2 * F 1* S 1 / ( D t3 * F 2 ) +2 *R12 * F 3 * S 1 / (D 13 * P 2 * F 2 ) + R t2 / D 12
320 LET T 3 = ( 2 * P T ) T ( - 2 ) * ( P l t 2 / 1 2 + l )
330 LET T 3 = ( 2 * P T ) t ( - 2 ) * U 3
3/iO LET G 5 = ( 2 * P l ) t ( - 2 ) * ( P l t 2 / 1 2 + l  )
350 LET G 6 = ( 2 * P l ) f ( - 2 ) * G 5  
360 LET iî5=G5/U3 
370 LET R6=G6/T3 
380 PRINT " R -F "







JrPJ iA:.R PHJL i Vi iMU 3
5 ;iEN CALCULA TE SHEA I .VELUCIfY
10 REE DEPTH SETTING
lb FUH D = -007  TU '0 1  STEP '0 0 1
20 PRINT "DEPTH"D
30 FUR R = '0 1 5  TU '0 3 5  STEP '0 5
40 PRINT ".RADIAL D I S T A W R
50 LET E = D /(2 * R )
60 LET H = D / '0 3
65 PRINT H,E .
70 LET S l = ( E X P ( E ) - E X P ( - E ) ) / 2  
80 LET C l = ( E X P ( E ) + E X P ( - E ) ) /2  
90 LET S 2 = ( E X P ( 2 * E ) - E X P ( - 2 * E ) ) /2  
100 LET C 2 = C E X P (2 * E )+ E X P (-2 * E )) /2  
110 PRINT " R ib ID -R IG ID "
120 FUR X = - '5  TU '5  STEP '1 2 5
130 LET S 3 = (E X P (2 * E * % )-E X P (-2 * E * % )) /2
140 LET C 3 = (E X P (2 * E * Z )+ E X P (-2 * E * Z ) ) /2
150 LET A1=2*E*C1-2*S1
160 LET ^A2=4*S1 t2 -2 * E * S 2
170 LET T l = ( A l * S 3 / A 2 + % ) / ( 2 * E ) f 2
180 LET T 2 = ( A 1 * C 3 /A 2 + 1 / ( 2 * E ) ) * 1 / ( 2 * E )
190 LET b l = Z / 2 4 - Z T 3 / 6  
200 jL:T G 2 = l / 2 4 - Z t 2 / 2  
210 PRINT Z 
220 PiilNT T l , T 2 , b l , G 2  
230 NEXT Z
240 PRINT "FREE-FilEE"
250 FUR Z = - '5  TU ' 5  STEP '1 2 5
260 l :T S 3 = ( E X P ( 2 * E * Z ) - E X P ( - 2 * E * Z ) ) /2
270 LET C 3 = (E X P (2 * E * Z )+ E X P (-2 * E * Z )) /2
280 LET T 1 = ( Z - S 3 / ( 2 * E * C 1 ) ) * 1 / ( 2 * E ) T 2
290 LET T 2 = ( l - C 3 / C l ) * l / ( 2 * E ) t 2
300 LET G l = Z / 8 - Z t 3 / 6
310 LET G2= 1 / 8 - 7 3 2 / 2
315 PRINT Z
320 PRINT T 1 ,T 2 ,G 1 ,G 2
325 NEXT Z
330 PRINT "R IG ID -FR EE"
340 FUR Z = - '5  TU ' 5  STEP '1 2 5
350 LET A 1= 2*E T 2*E X P (-E )+ 2*S 1-2*E *E X P (E )
360 LET 'A2=2*E12+EXP(E) -2 * S  1 +2*E+EXP( - E )
37 0 UCT A3=2*S1*C1-2*E*C2
380 LET (J1 = - A1+ E X P (2 * E * Z ) / (1 6 * E T 3 * A 3 ) -A 2 * E X P ( -2 * E * Z ) / (1 6 * E t3 * A 3 )  
390 LET U 2 = A l* E X P (- E ) / ( 1 6 * E t3 * A 3 ) + A 2 * £ X P ( E ) / ( 1 6 * E t3 * A 3 )
400 LET U 3 = 1 / (8 * E T 2 ) + Z / ( 2 * E ) T 2  
410 LET T1=U1-HJ2-HJ3
420 LET T 2 = -A 1 * E X P (2 * E * Z ) / (A 3 * 8 * E 1 2 )+ A 2 * E X P (-2 * E * Z ) / (A 3 * 8 * E 1 2 )
430 LET T 5 = l / ( 4 * E t 2 ) + T 2
440 LET G l = - Z î 3 / 6 + Z T 2 / 1 6 + Z / 1 6 - l / 1 9 2
/6 0  LET G 2 = - Z t 2 / 2 + Z / 3 + l / 1 6
455 PRINT Z






Jj/.PJTER PRUi.R L< Hu 4 CuNTl.vJnu
382 b u r U 480
383 PR I NT "RIGID CUNDÜCTING "
384 PR I NT "PULAR NUDEL"
385 LET 9=0
386 Ln.T A1=/1*R*S1-2*D*C1
390 LET A2=8*R*51 T 2-2*D*S2
40 0 Lr.i' A 3 = l + P l i 2 / E f 2
410 luM- V l= 2 * R t2 /D î2
430 Lt.r U = A l*A 4 * S l/(A 3 * A 2 )
430 Li-Jf T=U/C4*P1T2)
435 buTiJ  4 80
/|40 PRL\T  "G ILL NUDEL"
443 iuCf 9=1
/150 Lr.r ü = ( 2 * P l ) t ( - 2 )
460 Lh T T = ( 2 * P l ) t ( - 4 )
480 LzR- L 1= 3 * J-P 1 T 2 * T
490 iu '3 L 2 = S 9 R ( L 1 t 2 + 8 * T * ( P l t 4 * T - P l ' 2 + 3 ) )
dOO lucr L = ( L l - L 2 ) / ( 4 + T )
510 LET K=L+P1' 2
515 IF 1=1 TliEN 550
520 Let P3=T*R
5 21 Lr:r P4=P3*L
522 Lf^r P5=P3-U
525 LET P 6 = ( - P 4 + S 9 R ( P 4 '2 - 4 + P 3 + P 5 ) ) / ( 2 * P 3 )
530 LET P = P 6 '2
540 G u ru  560
550 ULT P = (U -T + K )/(K * T )
560 LhR- R 3 = S ] R ( 2 + K '4 / ( L + ( J - T * K ) ) ) '
57 0 LET F 3 = S 9 R (L + R 3 '2 * Ü /K t2 )
580 Le F W =2*P1/S9R (L)
590 PRINT Ü»H,R
60 0 PRINT ü , T , P
610 RINi' R 3 ,F 3 ,v ;
620 PRINT
630 LET N=N+1
640 IF j=l THE:\j 240
650 IF ]=2 TREN 280
666 IF \j=3 THEN 370
670 IF N=Z| THEN 383
680 IF A1=5 THEiV 440
999 END
148
U'JXPJ TER RRUb RV. HU 3
3 .if>j CALCULATE SHEAi F.iEl,RAYLEIGH h O R=C
7 LET Rj;j = '()4
iU RvAD Rl
13 IE R1<0 THEN 999
20 EuR 0=*0 07 TU '0 1  STEP '0 0 1
30 EuR R=R1+'001 TU (R O + R l) /2  STEP '0 1
40 LET E = U /(2+ R )
30 Lh T P l = 3 '1 4 1 5 9
60 ULT S l= ( E X P ( E ) - E X P ( - E ) ) / 2
70 LET C l= ( E X P ( E ) + E X P ( - E ) ) /2
80 LET S 2 = ( E % P (2 + E ) -E X P ( -2 + E ) ) /2
90 LET A2=8+R+SlT2-2+D*S2
100 LET A1=4+R+S1-2+C1*D
110 LET A 3 = l+ P l t2 /E t .2
120 LET V{=RT2/Dt2
130 LET U = A 4 * A l* S l / (  A3+-A2)
133 IRT U=2+J
140 LET T = U / ( 2 * P l ) t 2
130 LET L 1= 3+ U -P 1 '2+ T
160 LET L 2 = S 1 R (L 1 1 2 + 8 * T * (P 1 '4 + T -P T '2 * U ) )
17 0 LET L = ( L l - L 2 ) / ( 4 + T )
180 LET K=L+P1T2
190 LET R 3 = S 9 R (2 * K t4 / (L + (U -T + K )) )
200 LET E3=S9R<L+R3t2*Ü /K t2 )
210 LET P3=T+K 
220 LET' P4=P3*L 
230 LET P5=P3-U
240 LET P 6 = ( - P 4 + S 9 R ( P 4 T 2 - 4 + P 3 * P 5 ) ) / ( 2 + P 3 )  
250 LET v ;= 2 + P l /S 9 R (L ) .
260 LET P=P6T2 
27 0 PRINT ROtRl 
275 LET H = D /(R 0-R 1)
280 PiilNT D ,H ,R  
290 PRINT R 3 ,E 3 ,w  
300 PRINT L ,P
31 0 NEXT R 
320 NEXT D 
325 PRINT 
330 bUTU 10
349  DATA ' 0 1 , ' 0 1 3 7 5 , ' 0 2 1 2 5 , ' 0 2 5 , - 1  
999 Ei\)U
c JKPJ TER RRUcR Hü 4
5 PRAiMüTL N u ' .RAYLEIGH NU' ;E,ü:9üE,
10 Lh R’ R="025
20 LET D="01
30 JuCT E = U /(2 + R )
40 Lr.;r H=U/"03
42 LrR' N=0
45 LET P l = 3 " 1 4 5 9
50 L-:r 5 1 = ( E X P ( E ) - E X P ( - E ) ) /2
60 LET C1=CEaPCE)4EaP ( - E ) ) / 2
70 Iu2f 3 2= C EXP( 2 + L ) - E X P ( - 2+ E ) ) / 2
80 L b f C 2 = (E X P (2 * E )+ E X P (-2 + E )) /2
90 PRIET "R IL ID  -rRlEE.CuHUUÜTlHb"
95 LET 1=0
100 PRI NT "PuLAR EUUEL"
110 3 2 = 4 * 5 1 +L1-2*U *C 2/R
120 L \T Vi=üt 2* 5 1 /R - 4 * R * 5 1+2*ü*C 1
190 LnT iJ l= 2 * R '2 * 5 1 *  V l / (  \ 2 * D t3 )
200 Lh T Ü2=RT2/DT2
210 luLf U 3 = 2 * R t2 * S l* ( - A 4 ) / ( ( 1 + P 1 t 2 / E ' 2  :
2^0 LET Ü=Ü1+;J2-HJ3
225 LET T=U/(PT '2* /4 )
230 üüTü 480
240 PRI :\IT "G ILL XüDEL "
2<i5 LET 1=1
250 LET Ü = 1 / ( 4 * P 1 î 2 ) * ( P l Î 2 / 1 2 + 1 )
^^5 LET T =ü/C P 1T 2*4)
2 /  0 LUT'J 480
280 PRI:VT 'V.2EE CuNDJCTLAG"
285 LET 1=0
290 PR IIAT "PULAR XUÜEL"
300 Lh:T A 2= -5 1 /(Ü 1 * E )
310 LET A l = 4 * E * 5 1 / ( 4 * E f 2 + 4 * P l f 2 )
320 Lh T A3=l
330 Lh T A4=R'2/1R2
340 LET U=fA4*( A1 + A2+A3)
æo LET T = U /(4 * P 1 ' 2 )
360 LU TU 480
37 0 PRL \IT "G ILL EUÜEL"
3^/5 LET 9=1
380 LET Ü = ( 2 * P l ) f ( - 2 ) * ( l + P l ' 2 / 3 )
381 LET T = (2 * P 1 ) ' C - 4 ) * ( 1 + P 1 ' 2 / 3 )
JüHPijrE.i PRüu.i UL Hü 6
/ . m
5 ;CEM I:j MP CHARACTERISTICS
10 Lh T P l = 3 " 14159
20 LET D=*Q1
30 LET R0="04
40 luCT R l = '0 1
50 Ln.T R = (R O + R l) /2
60 LET N=0
70 Lr:T E = D /(2 + R )
80 LET S l = ( E X P ( E ) - E X P ( - E ) ) / 2
90 LET C 1 = (E X ? (E ) +EXP( - E ) ) / 2
100 LET S 2 = ( E X P ( 2 * E ) - H X P ( - 2 * E ) ) /2  
110 LET C 2 = (E X P (2 * E )+ E % P (-2 * E ) ) /2  
120 IF N>0 THEN 210 
130 REM CALCULATE E-E  
135 PRINT " E - E "
140 LET A l = 2 * E * 5 1 / ( 4 * E i 2 + 4 * P l i 2 )
150 LET A 2 = -S 1 /(C 1 * E )
17 0 LET A3=l
180 LET A4=RT2/D '2
190 LE T ü=  A4 * ( Al+A2+A3)
195 LET U 7 = U * ( P T * 2 ) t 2 / ( l + P l f 2 / 3 )
20 0 LUTU 270
210 REM CALCULATE R-R
220 PRINT "R -R "
222 LET A2=8*R*51T2-2*D*52 
230 LET A1=4*R*S1-2*C1*U 
240 LET A 3 = 1 + P 1 î2 /E t2  
250 LET A4=RT2/D '2  
260 LET U =fA 4*A l*Sl/(A3*A 2)
264 LET U=2*U
265 LET U 7 = U * (2 * P 1 ) î2  
2T/0 EUR T l= - 3  TU 3 
275 lE T1=0 THEN 315 
280 LET T = T l / ( 2 * P T ) t 4  
290 LET L=3*ü - P 1 t2*T
300 LET L 2 = S 9 R ( L t 2 + 8 * T * ( P l t 4 * T - P l î 2 * U ) )
310 LET L = ( L - L 2 ) / ( 4 * T )
312 GUTU 320 
315 LCT L = P l ' 2 / 3  
320 LET K=L+P1T2
330 LET R 3 = S 9 R ( 2 * K t4 / ( L * ( U -T * K ) ) )
340 LET E 3 = S 9 R (L * R 3 '2 * U /K '2 )
360 PRINT T 1 ,T ,U ,U 7  
370 LE T W=2 * P 1/SU R ( L )
380 PRINT R3»E3»W 
390 NEXT T1 
400 LET N=N+1 
410 PRINT
420 IE N=1 THEN 210 
430 PRINT "H -C "
440 LET A 2=4*S1*C1-2*D *C2/R  
450 LET A4=D' 2 * S 1/ R - 4 * R * S 1+2*U*C1 
/160 LET U l= 2 * R t2 * S l* A 4 / ( A 2 * l ) t3 )
47 0 LET U2=R î 2 / ü t2
480 LET U 3 = 2 * R t 2 * S l * ( - A 4 ) / ( ( l + P l f 2 / E f 2 ) * D t 3 * A 2 )
490 LET U=U14U24U3
4 %  LET U7=U*(2*P1 ) ' 2 / ( P l  ' 2 / 1 2 + 1  )
50 0 IE N=2 THEN 270 
999 END
APPENDIX II
Orthogonal c u r v ilin e a r  coord in a tes
O rthogonal c u r v ilin e a r  co ord in a tes
Let the coord in ates he rep resen ted  by (U^, U^). These
are d e fin ed  by s p e c ify in g  th e  c a r te s ia n  co o rd in a tes  (x ,  y ,  z) as 
fu n c tio n s  o f as fo llo w s:
X » X (U^, Ug, U )̂ 
y * y (U^, Ug, U )̂
z = z (U^, Ug, U )̂
When th e curves are orthogonal to  one another: = co n sta n t,
Ug = co n sta n t, = co n sta n t, the l in e  elem ent i s  g iv en  by
Then th e  fo llo w in g  r e la t io n s h ip s  hold:
V  V- = 1 UU. t  _L AU. + J_ A ll
h ,^ U ,
V^LL
___ J __ Ihlbj^kL (k,hx
K-x k*j
V x U _  1 k ,  L , Kx Lx
khiKi ]L_
" ^ u ,
K,U, K-xU X
For c y lin d r ic a l coordinates
cl*\^ *VV̂  cl 4^^+ cl'Z.*
m
K, — k x =  ^  ̂ W-y =  ' 10
11
12
N V  X  u .  = -L AU-z_  U \L 4> 13a
Vi — ^ V ir  — ^VJlt 13b
* V ,X U , = 1
13c
U  ."V L l r  -  U ? 4.
K
ü r .  ^  LL;^ 4  VI. rV.L^
V
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APPENDIX I I I
Non-dimensional shear and
temperature ca lcu la tio n s
-LSk
The non-dimensional shear i s  given by
The non-dimensional temperature gradient i s  r e la ted  to  the non- 
dimensional shear through the d if f e r e n t ia l  equations:
or
=  -  S
cl-2 ?  ■’  3 .0
The non-dimensional shear and non-dimensional temperature gradient 
for r ig id  conducting boundaries. The equation fo r  the shear i s  given  
by
4 .0
Now the shear in teg ra l i s
V K z j  d x .
____________________  5 .0
where \ML"3^ -  l o ^ T i 6 .0
Consider the denominator above:
= S C-oi’-Tî'z*
1 5 1
Or in  double angle rep resen tation
X j  =  1 ( ^ l + l o s l - w - z ^ A d z ,.    8 -0
-/j.'X
I
From con tin u ity  considerations I ^  i-, __ ^  9*0I"S  =  O
* s
Hence the other in d iv id u al contribu tions w i l l  be:
-  z T i r ; ,  \ Æ x p ( x E - z G V o ^ 'q z . t t - z ,  =  cl ^ f t  v ^ W e  i o . o
^  J  Æ v S S l i T x f j
- ' k
A
ana 1  E  l.to tp l-IE 'Z xN  lo% 'a.«Z i.iiX = ~  R  V jv V v E  11.0  
I *XEt ftçOC^l+JXî^
-'I X.
where K  t  0<_5l 3 2 _V4 L 1 TLV^LrvW G — «L C o )L .E  ) 12.0
^  4  L  -  IcLGwW E. 3
and 6 > =  W. 4  | - 1 \  ^ U v K E  d  CdsW E I 13 .0
^  I  %u3 ? E  -  3^3 G n J k It  H
The f in a l  in teg r a l w il l  be:
T
O i a j L l r  1 (.0 SXTi-2 x c l 2 ,  =  O  14 ,0\,
- ' l l
s
w ith I LOS^H ^  15'0
Hence the non-dimensional shear w i l l  he:
I L , =  ^  L o s k s  \  W k E  lévO
1  *t- Ji3  ^
The non-dimensional temperature gradient: 
iy li
I  I
 ̂"Tz. = .   ̂ Tz_ C o^'lu'2.^ (\'Z o ( 17.0




\  T i d ^ ^ t  ■= O  18.0
3 . ..............................................................................  ...................
Then ( l 7 »0 ) 
•/
1 ^ 2 . ^0% ^ 11 'Z.;v,c3 Z #  =  1  V  1 * 2  —  V^Vv"X U "^ X  “V * EoïkH  ti "Zk 
\  3 ^  M ' -
-  ^ 9 -0
1 3 ^ .^  J
I
How "Z  ̂ and cL I vanish at "2L = + i-
d*2-<« ^
/ ' z
then  ̂ T 2  Ti2 x  c lz*  =  4 \>- \ S tO S IIZ ^  c lz *  20 .0
" ' ' • X  ’ -I,
Then "^Z. =  .^ —  i -  7Lcl lO ^k E  ̂ . ^ iV v k E  21.0
F “ 4  U-» U wŴ E - a  A «UwW'Æ i  + ')
The other values fo llo w  using a sim ilar procedure as above.
The two fig u re s  i l lu s t r a t e  the v a r ia tio n  of the non-dimensional shear 
for  fr e e  conducting and r ig id  conducting boundaries# For the free
FIGURE 15
GRAPH OF NON-DIMENSIOML SHEAR FOR FREE COHDUCTIM} BOUNDARIES
15'
10-2
(a) depth 10 ram
(b) depth 9 mm
(c) depth 8 mm
(d) depth 7 mm
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GRAPH OF NDN-DIMENSIOML SHEAR FOR RIGID CONDUCTING BOUNDARIES:
(a) depth 10 mm
(b) depth
(c) depth
11 , (d) depth 7 mm




(d) (c) (b) (a)
! .05 Radial Distance
.1;
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conducting boundaries the fam ily o f curves are approaching the 
G ill value for  large r but as the depth o f the working f lu id  i s  
increased so i n i t i a l l y  does the value o f the non-dimensional shear. 
This pattern  of in creasin g  shear w ith in creasin g  depth a lso  occurs 
with th e  r ig id  conducting boundaries»
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